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Abstract

A typical NURBS surfacemodelhasa large percentagef super
uous controlpointsthatsigni cantly interferewith thedesignpro-
cess. This paperpresentsan algorithm for eliminating such su-
per uous control points, producinga T-spline. The algorithmcan
remaove substantiallymore control pointsthancompetingmethods
suchas B-spline wavelet decomposition.The paperalso presents
anew T-splinelocal re nementalgorithmandanswergwo funda-

mentalopenquestion®n T-splinetheory
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1 Intro duction

A seriousweaknesaith NURBS modelsis that NURBS control
pointsmustlie topologicallyin arectangulagrid. This meanghat
typically, a large numberof NURBS control points serne no pur-
poseotherthanto satisfy topologicalconstraints. They carry no
signi cant geometridnformation.In Figurel.a,all theredNURBS
controlpointsare,in this sensesuper uous.

b. T—pine
Figurel: Headmodeled(a) asa NURBSwith 4712control points

and (b) asa T-splinewith 1109 control points. The red NURBS
controlpointsaresuper uous.

NaryangTechnologicalUniversity

JianminZheng Tom Lyche

OsloUniversity

T-splines[Sederbeg etal. 2003]area generalizatiorof NURBS
surfacesthat are capableof signi cantly reducingthe numberof
super uouscontrolpoints.Figurel.bshowvs a T-splinecontrolgrid
which was obtainedby eliminatingthe super uouscontrol points
from the NURBS model. The main differencebetweena T-mesh
(i.e.,aT-splinecontrolmesh)anda NURBS controlmeshis that T-
splinesallow arow of controlpointsto terminate.The nal control
point in a partial row is calleda T-junction. The T-junctionsare
shown in purplein Figurel.h
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c. T-spline
322 control points

Figure2: Cardoormodeledasa NURBSandasa T-spline.

‘ 890 control points

Figure2 shavs anotherexamplein whichthesuper uouscontrol
pointsin aNURBS areremovedto createa T-spline. The T-spline
modelis geometricallyequivalentto the NURBS model, yet has
only 1=3 asmary controlpoints.

a. NURBS b. T-spline
Figure3: NURBSheadmodel,convertedto a T-spline.

Super uouscontrol pointsarea seriousnuisancefor designers,
notmerelybecaus¢hey requirethedesigneto dealwith moredata,
but alsobecausé¢hey canintroduceunwantedripplesin thesurface
ascanbe seenby comparingthe foreheadn the NURBS modelin
Figure3.awith thatof the T-splinemodelin Figure3.h Designers
canwastedozensof hourson modelssuchasthis in tweakingthe
NURBS control pointswhile attemptingto remove unwantedrip-
ples. Figurel.ashavs a NURBS headmodel. Figure1 shavs the



respectie NURBS and T-splinecontrolmeshedor the surfacesin
Figure3. Over 3=4 of the 4712NURBS control pointsare super
uous anddo notappeaiin the T-splinecontrolmesh.

This papempresentsinalgorithmfor corvertingaNURBSmodel
into a T-spline model. The processeliminatesmost super uous
control points. The algorithm was usedto cornvert the NURBS
modelin Figurel.ainto the T-splinemodelin Figurel.h Corver
sionfrom NURBS to T-splinecanbe losslesqsuchasin the case
of CAD objectslike the cardoor)or anapproximatiorerrorcanbe
speci ed. An errorthresholdof 1% wasusedin theexamplein Fig-
ure 1, andthe only obsenable differencebetweernthe two models
is thatthe corversionto T-splinesremoved the unwantedripplesin
theforehead Thus,aproblemfor which designerganwastehours
of time is resohed in the split secondhatit takesto convert from
NURBSto T-splineusingthe algorithmpresentedh this paper

We refer to this corversion processas T-spline simpli cation.
Our algorithm makes heavy useof the operationof T-splinelocal
re nement,introducedn [Sederbeg etal. 2003]. However, [Seder
berg et al. 2003] left this operationon uncertainfooting. It was
shavn thatin certainsituations a control point canbeinsertednto
a particularlocationin a T-meshtopologyonly if someadditional
control points are also added. Furthermore the numberof addi-
tional control points can be quite large usingthe local re nement
algorithmin [Sederbeg et al. 2003]. This problemis illustratedin
Figure4.a,which shavsa T-meshinto whichwe wishto insertcon-
trol point P. Theinitial control pointsarethered, unlabeledones.
Thealgorithmin [Sederbeg etal. 2003]requiresthe additionalin-
sertionof all eightcontrolpointslabeledV. [Sederbeg etal. 2003]
concludedwith an openquestion: Do thereexist T-splinetopolo-
giesinto whichit is impossibleto insertarequested¢ontrolpoint?

This paperanswerghat questionby presentinga new local re-
nement algorithmwith whichit is provably alwayspossibleto in-
serta requestectontrol point. Furthermorethe numberof addi-
tional controlpointsneededs reducedsigni cantly. Thealgorithm
is illustratedin Figure 4.b,wherewe insertP while only perform-
ing a singleadditionalinsertionV. This new local re nemental-
gorithm plays a key role in the T-spline simpli cation algorithm
presentedhn this paper

Figure 4: Local re nement using the old algorithm and the new
algorithm.

The paperis organizedas follows. Section2 sureys perti-
nentliteratureon B-spline knot removal andinsertion. Section3
presentsa brief review of T-splines. Section4 providesequations
for re ning T-spline blendingfunctions,introducesthe notion of
T-spline spacesand presentghe improved algorithmfor local re-

nement (knotinsertion)into a T-spline. This sectionalsoanswers
asecondpenquestionby presentingiecessargndsufcient con-
ditionsfor a T-splineto be standardi.e.,a T-splinewhoseblending
functionsform apartitionof unity), andintroducesemi-standard-
splinesasurprisingtypeof rationalT-splinein which somecontrol

pointshave weightsé 1, yet the T-splineis equialentto a poly-
nomial B-splinesurface(all weights= 1). Section5 presentghe
algorithmfor local knot removal in a T-spline (of which B-spline
is a specialcase). Section6 concludeswith someexamplesand
discussion.

We restrictour discussiorto the caseof degreethreeB-splines
andT-splines. However, adaptingthesealgorithmsto T-NURCCs
(thearbitrary-topologyersionof T-splines)is straightforvard.

2 Prior Work

Local re nementof NURBS curvesandsurfacesis accomplished
throughknotinsertion,anexactprocesshatdoesnotaltertheshape
of the curve or surface. Several algorithmsexist for knotinsertion.
TheOsloalgorithm[Cohenetal. 1980]computeso-callecdiscrete
B-splinesto de ne the B-splinebasistransformatiorfrom are ned
spaceof splinesto a subspaceBoehms algorithm[Boehm 1980]
worksdirectlywith theB-splinecoefcients. Mathematicainsights
like the blossomingprinciple [Seidel 1988; Goldmanand Lyche
1993]for knotinsertionhave alsobeendeveloped.

Knot insertionis a fundamentahlgorithmthatcanbe usedboth
asa mathematicatool for understanding@nd analyzingB-splines
and as a practicaltool for manipulatingand renderingB-spline
curves and surfaces[Goldmanand Lyche 1993]. Applicationsof
knot insertioninclude providing tools for straightforvard evalua-
tion of pointson curves/surécestessellationrenderingandother
geometricprocessinglgorithms[Lane and Riesenfeldl980]; per
forming basesonversionsuchasconvertinga B-splinecure to a
Bézier[Boehm 1981]; addingextra degreesof freedomfor shape
modi cation or editing[Forsey andBartels1988].

Knot insertionworkswell to locally re ne a B-splinecurwe: in-
sertingone knot involves updatingonly a few control pointsin a
local region. However, for a tensofproductB-spline surface,true
local re nementis not possiblebecausehe insertionof oneknot
into eitherof the surfaceknot vectorscausesn entirerow or col-
umnof controlpointsto beinsertedLycheetal. 1985]. This prob-
lem hasbeenaddressedby hierarchicalB-splinesfor local re ne-
mentandmultiresolutionediting [Forsey andBartels1988; Forsey
andWong 1998; Gonzalez-Ochoand Peters1999]. [Kraft 1997]
presentsa multilevel spline spacethat is a linear spanof tensor
productB-splineson different, hierarchicallyorderedgrid levels.
A selectioomechanisnfor B-splinesis provided,which guarantees
linearindependenc® form abasis.[WellerandHagen1995]gen-
eralizestensorproductB-spline surfacesby allowing the domain
partition with knot sggmentsand knot rays. The approachis re-
strictedto so-calledsemi-rggularbasesCHARMS [Grinspunetal.
2002] provides a methodto produceadaptve re nementsfor 3D

nite elements.The basicideais to re ne the basisfunctions,not
elementsT-splinegSederbey etal. 2003],the surfaceformulation
uponwhich this paperis basedpermitlocal re nement.

Knotremoval is theinverseof knotinsertion[Handscomi.987].
A primary motivation of knot removal is datareduction [Lyche
1993]. The problemis to minimize the numberof knotssubjectto
an error tolerance. Another applicationof knot removal is shape
fairing [Farinetal. 1987]. Thecontinuityordercanbeincreasedy
removing knots.Lik e knotinsertion knotremoval canalsobeused
to performbasesonversion,multiresolutionanalysis,andwavelet
decompositioiDaehlenandLyche1992].

While knotinsertionfor aB-splinecurveis alwayspossiblewith-
out error, deletinga knot without changingthe curwve is possible
only whenthetwo adjacenturve segmentsareC' continuouswith
I > n mwheren is thedegreeof thecurve andmis themultiplic-
ity of theknot. Thereforeknot removal usuallyinvolves approxi-
mation. In practice,for a B-splinecurwe, if a control point almost
satis esa knot removal condition, the inverseOslo algorithmcan
be performedto deletethe knot [LycheandMgrken 1987]andthe



resultingcurve will notdeviate from the original curve very much.
[Lyche and Mgrken 1987] also generalizeghe algorithmto sur
faces. For a B-splinesurface,whenall control pointsof a row or
column nearly satisfy the knot removal condition, a knot can be
deleted However, it doesnot oftenhapperthatawholerow or col-
umn of control points satis esthe condition simultaneously The
hierarchicabr multiresolutionapproaciDaehlenandLyche1992]
canavoid this problem.

The T-splinesimpli cation algorithmin this papermostclosely
follows the idea of spline wavelet decomposition(see [Lyche
et al. 2001] and its referencespnd thresholding(see,for exam-
ple, [Schidderand Sweldensl995]). For splinewaveletdecompo-
sition on the sphereusingtensorproductB-splinessee[Lycheand
Schumakr 2000].

3 T-splines

Thissectiongivesabrief review of T-splinesaspresentedh [Seder
berg etal. 2003]. A controlgrid for a T-spline surfaceis calleda
T-mesh.If aT-meshformsarectangulagrid, the T-splinedegener
atesto aB-splinesurface.

Knot information for T-splinesis expressedusing knot inter
vals,non-ngative numberghatindicatethedifferencebetweerntwo
knots. A knotintenal is assignedo eachedgein the T-mesh.Fig-
ure5 shows the pre-imageof a portionof a T-meshin (s;t) param-
eterspace;the d; andg denotethe knot intenals. Knot intenals
areconstrainedy therelationshipthatthe sumof all knotintervals
alongonesside of ary facemustequalthe sum of the knot inter
vals on the opposingside. For example,in Figure5 on faceF,
e3+ &4 = g5+ €7, andonfaceF,, dg+ d7 = dg.

It is possibleto infer a local knot coordinatesystemfrom the
knot intervals on a T-mesh. To imposea knot coordinatesystem,
we rst choosea control point whosepre-imagewill sene asthe
origin for the parametedomain(s;t) = (0;0). For the examplein
Figure5, we designatd so; tp) to betheknotorigin.

Oncea knot origin is chosenwe canassignan s knot valueto
eachverticaledgein theT-meshtopology andat knotvalueto each
horizontaledgein the T-meshtopology In Figure5, thoseknot
valuesarelabeleds; andt;. Basedon our choiceof knot origin, we
havesy=1t9= 0,5 = ch, = di + dp, 53=d1+ dp+ d3, t1 = ey,
t, = e1 + &, andsoforth. Likewise, eachcontrol point hasknot
coordinatesFor example theknotcoordinategor Pg are(0; 0), for
P, are(sp;tx + €g), for P, are(ss;tp), andfor P3 are(ss;tx + €5).
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Figure5: Pre-imageof a T-mesh.

Oneadditionalrule for T-meshesxplainedin [Sederbey et al.
2003]is thatif a T-junction on one edgeof a facecanlegally be
connectedo a T-junctionon anopposingedgeof theface(thereby

splitting the faceinto two faces)thatedgemustbeincludedin the
T-mesh. Legal meansthat the sum of knot vectorson opposing
sidesof eachfacemustalways be equal. Thus, a horizontalline
would needto split faceF; if andonly if e3 = e andthereforealso
€4 = €.

Theknotcoordinatesystenis usedn writing anexplicit formula
for aT-splinesurface:

n
P(sit) = (X(st);y(sit): Ast);w(sit) = & PiBi(st) (1)
i=1
whereP; = (x;yi; z;w;) arecontrolpointsin P* whoseweightsare
Wi, andwhoseCartesiarcoordinatesareWii(xi;yi;zi). Likewise,the
Cartesiarcoordinate®f pointson the surfacearegivenby

&l ,(x;vi;z)Bi(st) .
all wiBi(st) -

@)

Theblendingfunctionsin (1) areBj(s;t) andaregivenby
Bi(sit) = N[sio; Si1;S2:53:Sal(9N[tios tins tiz: tizs tial () (3)

whereN([sio; Si1;Si2; S3; Sal(S) is the cubic B-spline basisfunction
associateavith theknot vector

S = [S0:S51:52;53;S4] (4)
andN[tio; ti1; ti2; tis; tia] (t) is associateavith the knot vector
ti = [tio;ti1; tiz; tiz; tial: %)

asillustratedin Figure6. Thedesigneiis freeto adjusttheweights

Figure6: Knot linesfor blendingfunctionB;(s;t).

w; to obtainadditionalshapecontrol, asin rational B-splines. As
we shallseein Sectiord, weightsalsoplay animportantrolein our
new local re nementalgorithm.

TheT-splineequationis very similarto theequatiorfor atensor
productrational B-spline surface. The differencebetweenthe T-
splineequationanda B-splineequationis in how the knot vectors
s andt; aredeterminedor eachblendingfunction B;j(s;t). Knot
vectorss (4) andt; (5) areinferred fromthe T-meshneighborhood
of P;. Sincewe will referto the rule wherebythe knot vectorsare
inferred,we formally stateit as

Rule 1. Knot vectorss (4) andt; (5) for the blendingfunction of

P; aredeterminedasfollows. (s2;tj2) arethe knot coordinatesf

P;. Considerarayin parametespaceR(a) = (si2+ a;ti2). Then
s3 ands4 arethes coordinate®f the rst two s-edgesntersected
by theray (notincludingtheinitial (s2;t2)). By s-edge we meana

verticalline sggmentof constans. The otherknotsin s; andt; are
foundin like manner



WeiillustrateRule 1 by afew examples.The knotvectorsfor Py
in Figure5 ares; = [sp;51;%;S3:54] andty = [ty;to;ta + €g;1a;t5].
For P2, s; = [s3;54; S5, 6; 7] andtz = [to;ta; to;to + €g;ta]. For Ps,
S3 = [S3; 54, S5, 57; Sg] andts = [ty;to;tz + €5;t4;t5]. Oncetheseknot
vectorsare determinedor eachblendingfunction, the T-splineis
de ned using(1) and(3).

4 T-spline Local Re nement

This sectionpresent®ur new algorithmfor local re nementof T-
splines. Blending function re nement plays an importantrole in
this algorithm, andis reviewed in Section4.1. The notion of T-
splinespacess introducedin Section4.2. This conceptis usedin
the local re nement algorithmin Section4.3 andin the T-spline
simpli cation algorithmin Section5.

4.1 Blending Function Re nement

If s= [s0;51;%;3; 4] is a knot vectorands is a knot vectorwith
mknotswith sasubsequencef §, thenN[sp; S1; Sp; S3; S4](S) canbe
writtenasalinearcombinatiorof them 4 B-splinebasisfunctions
de ned overthesubstringof length5in 3.

We now presentall basisfunction re nementequationdor the
casem= 6. Equationdor m> 6 canbefoundby repeatedpplica-
tion of theseequations.

If s = [so;s1:52;56;54], N(S) = N[so;s1;2;83;54](), and S =
[So; K; S1; 52, S3; S4] then

N(s) = coN[so; ki s1;52;53](S) + doN[K; s1; 527 83;341(5)  (6)
whereco= &2 anddo = 1. If $= [s0;51;K; Sp; 531 4],
N(s) = c1N[so; s1;k; 2 53]() + daN[s1; K sp583;341(8)  (7)
k

wherec; = &2 anddy = . If 3= [soisus2ikissisal,

N(s) = coN[so; s1;52: K, 3](S) + doN[s1; 82, K; S3,54]1(8)  (8)

wherec, = ;—2 andd, = ;“—Skl. If $= [so;81; ;83K 4],

N(s) = c3N[so;S1;S2; 83, K|(S) + d3N[sy; S2; 83K s4](s)  (9)
wherecz = 1 andds = SS:—Skl. If K spork sz, N(s) doesnot
change.

A T-splinefunctionB(s;t) canundego knotinsertionin eithers
ort, therebysplitting it into two scaledblendingfunctionsthatsum
totheinitial one.Furtherinsertioninto theseresultanscaledlend-
ing functionsyields a setof scaledblendingfunctionsthatsumto
the original. For example,Figure 7.ashaws the knot vectorsfor a
T-splineblendingfunction B1, andFigure 7.b shavs a re nement
of the knot vectorsin Figure 7.a. By appropriateapplicationof
(6)—(9), we canobtain

Bi(sit) = ciBa(st) + cFBy(sit) + CiBa(sit) + cfBa(sit):  (10)

4.2 T-spline Spaces

Wede ne aT-splinespaceo bethesetof all T-splinesthathave the
sameT-meshtopology knotintervals,andknot coordinatesystem.
Thus,a T-splinespacecanbe representethy the diagramof a pre-
imageof aT-meshsuchasin Figure5. Sinceall T-splinesin agiven
T-splinespacenhave the samepre-imageit is properto speakof the
pre-imageof a T-splinespace.A T-splinespaceS; is saidto bea
subspacef S, (denotedS;  S) if local re nementof a T-spline

B, B
O
3By

a. b.

Figure7: SampleRe nementof By(s;t).

in S will producea T-splinein S (discussedn Section4.3). If Ty
is a T-spline,thenTy 2 S meanghat T; hasa control grid whose
topologyandknotintervalsarespeci edby S;.

Figure8 illustratesa nestedsequencef T-splinespacesthatis,
S S S She

c. S, d.s

n

Figure8: Nestedsequencef T-splinespaces.

GivenaT-splineP(s;t) 2 S;, denoteby P the columnvectorof
control pointsfor P(s;t), andgivenasecondT-splineP(s;t) 2 S,
suchthatP(s;t) P(s;t). Denoteby P thecolumnvectorof control
pointsfor P(s;t). Thereexists alineartransformatiorthatmapsP
into P. We candenotethelineartransformation

MyoP = P (11)

Thematrix M., is foundasfollows.
P(s;t) is givenby (1), and
P(st)= & P;jBj(st) (12)
1

T Qo=,

SinceS; S, eachBj(s;t) canbewritten asalinearcombination
of theBj(s;t):
Ao
Bi(st) = & ¢ Bj(st): (13)
i=1



We requirethat

P(st) B(st): (14)

Thisis satis edif N
Pi= 4 cP: (15)
i=1

Thus,the elementat row j andcolumni of My in (11)is c,J In
this mannerit is possibleto nd transformatiormatricesM;;; that
mapsary T-splinein § to anequialentT-splinein Sj, assuming

The] de nition of a T-splinesubspace&s Sj meansmorethan
simply thatthe preimageof S; hasall of the control pointsthatthe
preimageof § has.Recallhow in Figure4, it is notpossibleto sim-
ply addP to theexisting T-meshwithoutaddingothercontrolpoints
aswell. Section4.3 presentsnsightinto why thatis, andpresents
our local re nementalgorithmfor T-splines. This, of course will
allow usto computevalid superspacesf a givenT-splinespace.

4.3 Local Re nement Algorithm

T-splinelocalre nementmeango insertoneor morecontrolpoints
into a T-meshwithout changingthe shapeof the T-spline surface.
This procedurecanalsobecalledlocal knotinsertion sincethead-
dition of controlpointsto a T-meshmustbe accompaniedby knots
insertednto neighboringblendingfunctions.

The re nementalgorithmwe now presenthastwo phases:the
topologyphaseandthe geometryphase Thetopologyphasedden-
ti es which(if arny) controlpointsmustbeinsertedn additionto the
onesrequestedOnceall requirednew controlpointsareidenti ed,
the Cartesiancoordinatesand weightsfor the re ned T-meshare
computedusingthelineartransformatiorpresentedn Section4.2.
We now explain thetopologyphaseof the algorithm.

An importantkey to understandinghis discussionis to keep
in mind how in a T-spline, the blendingfunctionsand T-meshare
tightly coupled: To every control point therecorresponds: blend-
ing function,andeachblendingfunction's knot vectorsarede ned
by Rulel. In ourdiscussionye temporarilydecoupleheblending
functionsfrom the T-mesh.This meanghatduringthe o w of the
algorithm, we temporarily permit the existenceof blendingfunc-
tions that violate Rule 1, and control pointsto which no blending
functionsareattached.

Our discussiondistinguisheghree possibleviolations that can
occurduringthe courseof there nementalgorithm:

Violation 1 A blendingfunctionis missingaknotdictatedby
Rule1 for thecurrentT-mesh.

Violation 2 A blendingfunctionhasaknotthatis notdictated
by Rule 1 for the currentT-mesh.

Violation 3 A control point hasno blendingfunction associ-
atedwith it.

If no violationsexist, the T-splineis valid. If violationsdo exist,
the algorithmresohesthemoneby oneuntil no further violations
exist. Thenavalid superspachasbeenfound.

Thetopologyphaseof ourlocalre nementalgorithmconsistsof
thesesteps:

1. Insertall desiredcontrolpointsinto the T-mesh.

2. If ary blendingfunctionis guilty of Violation 1, performthe
necessarknotinsertionsinto thatblendingfunction.

3. If ary blendingfunctionis guilty of Violation 2, addan ap-
propriatecontrolpointinto the T-mesh.

4. RepeatSteps2 and3 until thereareno moreviolations.
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Figure9: Localre nementexample.

Resolvingall casef Violation 1 and2 will automaticallyresohe
all casef Violation 3.

We illustrate the algorithmwith an example. Figure 9.ashavs
an initial T-meshinto which we wish to insertone control point,
P,. Becausethe T-meshin Figure9.ais valid, thereare no vio-
lations. But if we simply insertP, into the T-mesh(Figure 9.b)
withoutchangingany of the blendingfunctions we introducesev-
eralviolations. SinceP, hasknotcoordinategss; to), four blending
functionsbecomeguilty of Violation 1: thosecenteredat (sp;t2),
(s2;12), (s4;t2), and(ss;tp). To resohe theseviolations, we must
inserta knot at s3 into eachof thoseblendingfunctions, as dis-
cussedn Section4.1. Theblendingfunction centeredat (sp;t2) is
N[so; s1; S2; 4; Ss1(S)N[to; t1; to; ta; t4] (t). Insertingaknots= sz into
the s knot vector of this blendingfunction splitsit into two scaled
blendingfunctions:cN[so; s1; S2; Ss; Sal(S)N[to; t1; t2; t3; tal (t) (Fig-
ure 9.c) anddaN[s1; ; S3; Su; S5](S) N[to; ta; t2; ta; ta] (t) (Figure9.d)
asgivenin (8).

Theblendingfunction cN[so; S1; S; S3; $4](S) N[to; t1; to; ta; ta] (1)
in Figure 9.c satis es Rule 1. Likewise, the re nementsof the
blendingfunctionscenteredat (s1;t2), (Ss;t2), and(ss;ty) all sat-
isfy Rule 1. However, the t knot vector of blending function



doN[s1; S; S3; S5 S5](S)N[to; t; to; ta; ta] (t) shawn in Figure 9.d is
guilty of Violation 2 becausehe blendingfunction's t knot vec-
tor is [to;t1;t2;t3;t4], but Rule 1 doesnot call for a knotattz. This
problemcannotbe remediedby re ning this blendingfunction;we
mustaddanadditionalcontrolpointinto the T-mesh.

Theneededontrolpointis P3 in Figure9.e. Insertingthatcon-
trol point x esthe caseof Violation 2, but it createsa new caseof
Violation 1. As showvn in Figure9.f, theblendingfunctioncentered
at (sp;t3) hasans knot vectorthatdoesnot includes; asrequired
by Rule 1. Insertingss into thatknot vector x esthe problem,and
thereareno furtherviolationsof Rule 1.

This algorithmis always guaranteedo terminate,becausehe
only blending function re nements and control point insertions
mustinvolve knot valuesthatinitially exist in the T-mesh,or that
wereaddedin Stepl. In the worst case the algorithmwould ex-
tendall partialrows of control pointsto crosstheentiresurface.In
practice thealgorithmtypically requiresfew if any additionalnew
controlpointsbeyondthe onesthe userwantsto insert.

In summary this re nement algorithm hastwo signi cant ad-
vantage®ver thealgorithmin [Sederbeg etal. 2003]: It is guaran-
teedto alwayswork, andit normallyrequiresfar fewerunrequested
controlpointinsertiongasnotedin Sectionl andillustratedin Fig-
ured).

4.4 Converting a T-spline into a B-spline surface

This re nement algorithm males it easyto cornvert a T-spline 2
S into an equivalentB-splinesurface2 S,: simply computethe
transformatiormatrix M., asdiscussedn Sectior4.2.

[Sederbeay etal. 2003]de nesastandad T-splineto be onefor
which,if all weightsw; = 1,thend L ; wiBi(s;t) &[L,Bi(st) 1.
This meanghatthe denominatoin (2) is identically equalto one;
hencethe blendingfunctionsprovide a partition of unity andthe
T-splineis polynomial. Thus,an algebraicstatemenbf necessary
andsufcient conditionsfor a T-splineto be standards eachrow
of M1, sumsto 1.

The insertion algorithm can producea surprisingresult: a T-
splinefor which notall wi = 1 but yet 4L, wiBi(s;t) 1. We
dub this a semi-standard-spline. Figure 10 shavs two simple
examplesof semi-standard-splines. The integers(1 and 2) next
to someedgesare knot intervals. To verify that theseT-splines

Figure10: Semi-standard-splines.

aresemi-standard;orvert theminto B-splinesurfaces;the control
pointweightswill all beone.

The notion of T-spline spacesin Section4.2 enablesa more
precisede nition of semi-standaréndnon-standard-splines. A
semi-standard-splinespaceS is onefor which thereexists some
elementof Sfor which&{L ; wiBi(s;t) 1, andnotall wi = 1. A
non-standard-splinespaceas onefor which no elementsxist for
which &{L; wiBi(s;t) 1. Thesede nitions aremore precisebe-
causethey allow for the notion of a rational T-spline (weightsnot
all = 1) thatis eitherstandardsemi-standardyr non-standardThe
distinctionis madebasednwhichtypeof T-splinespacet belongs
to.

5 T-spline Simpli cation

By T-spline simpli cation we meanthe processof removing su-
per uous control points, asdiscussedn Sectionl. Although not
entirely straightforvard, it is possibleto derive a T-splineknot re-
moval algorithmthatis essentiallythe inverseof the local re ne-
mentalgorithmin Section4.3. Suchan algorithmis usefulto re-
move asinglecontrolpoint. However, it is dif cult to remove large
numbersf controlpointsin this fashion.

Instead, our knot removal algorithm adapts multi-resolution
techniquesas follows. Considera nestedsequenceof T-spline

spaces
S S S (16)

asdiscussedn Section4.2. T, 2 &, is the surface(a T-splineor
NURBS)thatwe wish to simplify. Denoteby T; 2 § thebestleast
squarespproximatiorto T, (se€[Lyche1993]). Chooses, to con-
sistof a4 4 grid of control points suchthat the domainof Ty

andT, arethe same.Denoteby P' the vectorof control pointsfor

Ti. ThenDin = (MinP'  P") 2 S, expresseghe approximation
error (seeSection4.2 for the meaningof M;:n). Re nementof S

into S+ 1 is doneby splitting offendingfacesin half. D, is used
to identify offendingfaces. An offendingfacein S is onewhose
domain[Smin;Smad  [tmin;tmax containsthe knot coordinatef a
controlpointin Dj.n whoselengthexceedghethreshold Eachcon-

Figurel11: Identifying andsplitting offendingfacesn S.

trol pointin Dj., belongsto P*. We take asits lengththe square
root of the sumof the squaref the four componentsAll of our
exampleshave beenstandardT-splinesand polynomial B-splines,
sothefourth elemeniof eachcontrol pointin D;:p, is always0. This
measuref lengthwill alsowork fairly well for rationalsurfacesf
theerrortolerances small.

Figure11lillustratesthis procedure.The controlpointsDy, D,
and D3 in Figure 11.aare control pointsin Dj;, whoselengthis
greaterthan the error threshold. The four shadedfacesin Fig-
ure 11.acontainoneof thosethreepoints,andare agged for split-
ting. We experimentedvith severaldifferentwaysto splitfacesand
foundthatthe mostimportantprincipleis thatfacesshould,in gen-
eral,besplit roughlyin half in thedirectionwhich the facehasthe
mostknot lines. Speci cally, if afacehasm interior knotlinesin
thesdirectionandn interior knotlinesin thet directionandm> n,
thensplit alongthe (m+ 1)=2!" knot line in the s direction. Thus,
thefacethatcontainsD3 in Figure11l.ais split with line L4 in Fig-
ure 11.b,andthe facethatcontainsD1 is split with line L;. D5 is
ontheborderbetweertwo faces poth of which aresplit. Theface
containingL, hasthreeinterior sknotlinesandthreeinteriort knot
lines,soeitherdirectioncould have beenchoserfor the split.

Whenwe speakof splitting a face,we meanperforminga local
re nementin which the two endpointsof theline sggmentusedto
split thefaceareinsertednto the T-meshusingthetopologyphase
of the local re nementalgorithmin Section4.3. The re nement
algorithmwill sometimeseedto inserta few additional control



pointsinto the T-meshin orderto satisfyRule 1. The re nement
algorithm mustbe invoked, or elsewe will not form a nestedse-
guenceof T-splinespaces.

In summary our algorithm parallelsthe methodsof B-spline
waveletdecompositioriDaehlenandLyche1992]with two impor
tantdifferencesFirst, we usea nestedsequencef T-splinespaces
insteadof B-spline spaces.This allows us to split only the faces
wherethe erroris too large. Secondwe do not formally compute
adecompositionin fact,we have no needto storethe sequencef
T;; they areusedto identify whichfacego splitin forming S 1 and
canthenbediscarded.

Figure12: (a) T-splinerepresentationf B-splinewaveletdecom-
positionwith 1926controlpoints. Theredcontrolpointsaresuper
uous. (b) Theresultsof direct T-splinesimpli cation, with 1109
controlpoints. Approximationerror= 1:5%.

It is notevorthy thatsimilar resultscanbe obtainedby perform-
ing B-spline wavelet decompositionthresholdingthe small coef-
cients, andthenconstructinga T-splinefrom the remainingnon-
zerowavelet coefcients. We implementedsuchan algorithmus-
ing the B-spline wavelet decompositiormethodin [Daehlenand
Lyche 1992]. The non-zerowavelet termswerethenmemgedinto
a T-splineusingthe local re nementalgorithmin Section4.3. We
usedan error thresholdof 1:5%, which is the samevalue usedin
computingthe T-splinesimpli cation. The T-splinecreatedusing
B-splinewaveletdecompositionn Figurel1l2.arequired74% more
controlpointsthanthedirect T-splinesimpli cation algorithm.We
believe that this is mainly dueto the extra control pointsthat the
localre nementalgorithmofteninserts.We stresghatFigure12.a
is a T-spline, and not merely a tensorproductgrid. The corver
sionfrom B-splinewaveletsto T-splinesdoesnot produceasmary
T-junctionsasour direct T-splinesimpli cation algorithm.

6 Results and Discussion

We concludeby presentinghe resultsof performingT-splinesim-
pli cation onthreecommercial-qualityfNURBS modelsthatwere
providedto us courtesyof ZygoteMedia Group,Inc. In eachcase,
the artistswho createdhesemodelsexercisedcareto avoid super
uous control points. Yet, our algorithm succeededn eliminat-
ing abouthalf of the controlpoints. Furthermorethesemodelsare
comprisedof several different NURBS surfaces. Using the tech-
niquespresentedn [Sederbeyg etal. 2003],it is possibleto melge
adjoiningNURBS surfacesinto a singleair-tight T-spline,without

addingnew control points. By contrastmeging theminto a sin-
gle NURBS cancausethe numberof control pointsin the meiged
modelto increasedramatically Theimagein Figuresl13.a, 14.a,
and15.awereall renderedisingthe T-splinecontrolgrid. Thered
controlpointsin Figuresl3.c, 14.c,and15.cdenoteT-junctions.

Figure13: Modelof aFrog(courtesyof ZygoteMediaGroup,Inc.)

Figure 14: Model of a Triceratops(courtesyof Zygote Media
Group,Inc.)

Figure15: Model of a Woman(courtesyof Zygote Media Group,
Inc.)

In summary the local re nement algorithm presentedn Sec-
tion 4.3 performs much more efciently than the algorithm
in [Sederbey et al. 2003]. Furthermoreijt is shovn thatthis algo-
rithm alwaysworks. The T-splinesimpli cation algorithmis able
to identify and remove a large percentagef super uouscontrol
points,evenin high-qualityNURBSmodels.

Mostof theexamplesn this papethave focusedon T-splinesim-
pli cation in which an existing NURBS modelis corvertedinto
a T-spline. However, a potentiallymore commondesignscenario
would be onein which an artist begins from scratchto createa
T-spline model. In this setting,the local re nementalgorithmin
Section4.3will allow adesigneto createamodelthatateachstep
hasa minimal numberof super uouscontrol pointsto getin the
way. Figurel6 illustrateshow this capabilitycansimplify the de-
sign process. The artist begins with the coarsemodelin Step1,
then performsa seriesof re nementsby addingcontrol pointsin
regions wheremore detail is called for, andthen adjustingthose
control points. Note how the control point insertionis local to the



Figure 16: Initial stepsin creatinga model of a headusing T-
splines.(f) is theresultof corverting (e) into aNURBS surface.

region beingre ned. Figure16.f shavs theresultof convertingthe
T-splinein Figure16.einto aNURBS.

In closing, we posetwo open questions. First, Section4.4
presentsan algebraicstatemenbf necessarand sufcient condi-
tions for a T-spline spaceto be standard.Whatis the topological
interpretationof thoseconditions? That is, what T-meshcon gu-
rationsyield a standardT-spline? Second,in this paperwe have
referredto T-splineblendingfunctionsinsteadof basisfunctions.
Are T-spline blendingfunctionsalways linearly independentand
hencecanthey rightly be calledbasisfunctions)?
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