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Abstract

A typical NURBS surfacemodelhasa large percentageof super-
�uous controlpointsthatsigni�cantly interferewith thedesignpro-
cess. This paperpresentsan algorithm for eliminating suchsu-
per�uous control points,producinga T-spline. The algorithmcan
remove substantiallymorecontrolpointsthancompetingmethods
suchasB-splinewavelet decomposition.The paperalsopresents
a new T-splinelocal re�nementalgorithmandanswerstwo funda-
mentalopenquestionsonT-splinetheory.
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1 Intro duction

A seriousweaknesswith NURBS modelsis that NURBS control
pointsmustlie topologicallyin a rectangulargrid. This meansthat
typically, a large numberof NURBS control pointsserve no pur-
poseother than to satisfy topologicalconstraints.They carry no
signi�cant geometricinformation.In Figure1.a,all theredNURBS
controlpointsare,in this sense,super�uous.

Figure1: Headmodeled(a) asa NURBSwith 4712controlpoints
and(b) asa T-splinewith 1109control points. The red NURBS
controlpointsaresuper�uous.

T-splines[Sederberg etal. 2003]areageneralizationof NURBS
surfacesthat are capableof signi�cantly reducingthe numberof
super�uouscontrolpoints.Figure1.bshowsaT-splinecontrolgrid
which wasobtainedby eliminatingthe super�uouscontrol points
from the NURBS model. The main differencebetweena T-mesh
(i.e.,aT-splinecontrolmesh)andaNURBScontrolmeshis thatT-
splinesallow arow of controlpointsto terminate.The�nal control
point in a partial row is calleda T-junction. The T-junctionsare
shown in purplein Figure1.b.

Figure2: CardoormodeledasaNURBSandasaT-spline.

Figure2 showsanotherexamplein whichthesuper�uouscontrol
pointsin a NURBSareremovedto createa T-spline. TheT-spline
model is geometricallyequivalent to the NURBS model, yet has
only 1=3 asmany controlpoints.

Figure3: NURBSheadmodel,convertedto aT-spline.

Super�uouscontrolpointsarea seriousnuisancefor designers,
notmerelybecausethey requirethedesignerto dealwith moredata,
but alsobecausethey canintroduceunwantedripplesin thesurface
ascanbeseenby comparingtheforeheadin theNURBSmodelin
Figure3.awith thatof theT-splinemodelin Figure3.b. Designers
canwastedozensof hourson modelssuchasthis in tweakingthe
NURBS control pointswhile attemptingto remove unwantedrip-
ples. Figure1.ashows a NURBSheadmodel. Figure1 shows the



respective NURBSandT-splinecontrolmeshesfor thesurfacesin
Figure3. Over 3=4 of the4712NURBS control pointsaresuper-
�uous anddonotappearin theT-splinecontrolmesh.

Thispaperpresentsanalgorithmfor convertingaNURBSmodel
into a T-spline model. The processeliminatesmost super�uous
control points. The algorithm was usedto convert the NURBS
modelin Figure1.ainto theT-splinemodelin Figure1.b. Conver-
sion from NURBS to T-splinecanbe lossless(suchasin thecase
of CAD objectslike thecardoor)or anapproximationerrorcanbe
speci�ed.An errorthresholdof 1%wasusedin theexamplein Fig-
ure1, andtheonly observabledifferencebetweenthe two models
is thattheconversionto T-splinesremovedtheunwantedripplesin
theforehead.Thus,aproblemfor whichdesignerscanwastehours
of time is resolved in thesplit secondthat it takesto convert from
NURBSto T-splineusingthealgorithmpresentedin thispaper.

We refer to this conversionprocessas T-spline simpli�cation.
Our algorithmmakesheavy useof the operationof T-splinelocal
re�nement,introducedin [Sederberg etal.2003].However, [Seder-
berg et al. 2003] left this operationon uncertainfooting. It was
shown thatin certainsituations,acontrolpoint canbeinsertedinto
a particularlocationin a T-meshtopologyonly if someadditional
control points are also added. Furthermore,the numberof addi-
tional control pointscanbe quite large usingthe local re�nement
algorithmin [Sederberg et al. 2003]. This problemis illustratedin
Figure4.a,whichshowsaT-meshinto whichwewishto insertcon-
trol point P. The initial controlpointsarethered,unlabeledones.
Thealgorithmin [Sederberg et al. 2003]requirestheadditionalin-
sertionof all eightcontrolpointslabeledV. [Sederberg etal. 2003]
concludedwith anopenquestion: Do thereexist T-splinetopolo-
giesinto which it is impossibleto inserta requestedcontrolpoint?

This paperanswersthat questionby presentinga new local re-
�nement algorithmwith which it is provablyalwayspossibleto in-
serta requestedcontrol point. Furthermore,the numberof addi-
tionalcontrolpointsneededis reducedsigni�cantly. Thealgorithm
is illustratedin Figure 4.b,wherewe insertP while only perform-
ing a singleadditionalinsertionV. This new local re�nemental-
gorithm plays a key role in the T-spline simpli�cation algorithm
presentedin thispaper.

Figure 4: Local re�nement using the old algorithm and the new
algorithm.

The paper is organizedas follows. Section2 surveys perti-
nent literatureon B-splineknot removal and insertion. Section3
presentsa brief review of T-splines.Section4 providesequations
for re�ning T-spline blendingfunctions,introducesthe notion of
T-splinespaces,andpresentsthe improved algorithmfor local re-
�nement (knot insertion)into a T-spline.This sectionalsoanswers
asecondopenquestionby presentingnecessaryandsuf�cient con-
ditionsfor aT-splineto bestandard(i.e.,aT-splinewhoseblending
functionsformapartitionof unity),andintroducessemi-standardT-
splines,asurprisingtypeof rationalT-splinein whichsomecontrol

pointshave weights6= 1, yet the T-spline is equivalent to a poly-
nomial B-splinesurface(all weights= 1). Section5 presentsthe
algorithmfor local knot removal in a T-spline(of which B-spline
is a specialcase). Section6 concludeswith someexamplesand
discussion.

We restrictour discussionto the caseof degreethreeB-splines
andT-splines.However, adaptingthesealgorithmsto T-NURCCs
(thearbitrary-topologyversionof T-splines)is straightforward.

2 Prior Work

Local re�nementof NURBS curvesandsurfacesis accomplished
throughknotinsertion,anexactprocessthatdoesnotaltertheshape
of thecurve or surface.Severalalgorithmsexist for knot insertion.
TheOsloalgorithm[Cohenetal.1980]computesso-calleddiscrete
B-splinesto de�ne theB-splinebasistransformationfrom are�ned
spaceof splinesto a subspace.Boehm's algorithm[Boehm1980]
worksdirectlywith theB-splinecoef�cients. Mathematicalinsights
like the blossomingprinciple [Seidel 1988; Goldmanand Lyche
1993]for knot insertionhavealsobeendeveloped.

Knot insertionis a fundamentalalgorithmthatcanbeusedboth
asa mathematicaltool for understandingandanalyzingB-splines
and as a practical tool for manipulatingand renderingB-spline
curvesandsurfaces[GoldmanandLyche1993]. Applicationsof
knot insertionincludeproviding tools for straightforward evalua-
tion of pointson curves/surfaces,tessellation,rendering,andother
geometricprocessingalgorithms[LaneandRiesenfeld1980];per-
forming basesconversionsuchasconvertinga B-splinecurve to a
Bézier[Boehm1981]; addingextra degreesof freedomfor shape
modi�cation or editing[Forsey andBartels1988].

Knot insertionworkswell to locally re�ne a B-splinecurve: in-
sertingoneknot involvesupdatingonly a few control points in a
local region. However, for a tensor-productB-splinesurface,true
local re�nement is not possiblebecausethe insertionof oneknot
into eitherof thesurfaceknot vectorscausesanentirerow or col-
umnof controlpointsto beinserted[Lycheetal. 1985].Thisprob-
lem hasbeenaddressedby hierarchicalB-splinesfor local re�ne-
mentandmultiresolutionediting[Forsey andBartels1988;Forsey
andWong 1998;Gonzalez-OchoaandPeters1999]. [Kraft 1997]
presentsa multilevel spline spacethat is a linear spanof tensor
productB-splineson different,hierarchicallyorderedgrid levels.
A selectionmechanismfor B-splinesis provided,whichguarantees
linearindependenceto form abasis.[WellerandHagen1995]gen-
eralizestensor-productB-splinesurfacesby allowing the domain
partition with knot segmentsand knot rays. The approachis re-
strictedto so-calledsemi-regularbases.CHARMS[Grinspunetal.
2002] providesa methodto produceadaptive re�nementsfor 3D
�nite elements.Thebasicideais to re�ne thebasisfunctions,not
elements.T-splines[Sederberg etal. 2003],thesurfaceformulation
uponwhich thispaperis based,permitlocal re�nement.

Knot removal is theinverseof knot insertion[Handscomb1987].
A primary motivation of knot removal is datareduction [Lyche
1993]. Theproblemis to minimizethenumberof knotssubjectto
an error tolerance. Anotherapplicationof knot removal is shape
fairing[Farinetal. 1987].Thecontinuityordercanbeincreasedby
removing knots.Likeknot insertion,knot removal canalsobeused
to performbasesconversion,multiresolutionanalysis,andwavelet
decomposition[DaehlenandLyche1992].

Whileknotinsertionfor aB-splinecurveisalwayspossiblewith-
out error, deletinga knot without changingthe curve is possible
only whenthetwo adjacentcurve segmentsareCl continuouswith
l > n� mwheren is thedegreeof thecurveandmis themultiplic-
ity of the knot. Thereforeknot removal usually involvesapproxi-
mation. In practice,for a B-splinecurve, if a controlpoint almost
satis�esa knot removal condition,the inverseOslo algorithmcan
beperformedto deletetheknot [LycheandMørken1987]andthe



resultingcurve will not deviatefrom theoriginal curve very much.
[Lyche and Mørken 1987] also generalizesthe algorithm to sur-
faces.For a B-splinesurface,whenall control pointsof a row or
column nearly satisfy the knot removal condition, a knot can be
deleted.However, it doesnotoftenhappenthatawholerow or col-
umn of control pointssatis�es the conditionsimultaneously. The
hierarchicalor multiresolutionapproach[DaehlenandLyche1992]
canavoid thisproblem.

TheT-splinesimpli�cation algorithmin this papermostclosely
follows the idea of spline wavelet decomposition(see [Lyche
et al. 2001] and its references)and thresholding(see,for exam-
ple, [Schr̈oderandSweldens1995]). For splinewaveletdecompo-
sition on thesphereusingtensorproductB-splinessee[Lycheand
Schumaker2000].

3 T-splines

Thissectiongivesabrief review of T-splinesaspresentedin [Seder-
berg et al. 2003]. A control grid for a T-splinesurfaceis calleda
T-mesh.If aT-meshformsarectangulargrid, theT-splinedegener-
atesto aB-splinesurface.

Knot information for T-splinesis expressedusing knot inter-
vals,non-negativenumbersthatindicatethedifferencebetweentwo
knots.A knot interval is assignedto eachedgein theT-mesh.Fig-
ure5 shows thepre-imageof a portionof a T-meshin (s;t) param-
eterspace;the di andei denotethe knot intervals. Knot intervals
areconstrainedby therelationshipthatthesumof all knot intervals
alongonesideof any facemustequalthe sumof the knot inter-
vals on the opposingside. For example,in Figure 5 on faceF1,
e3 + e4 = e6 + e7, andon faceF2, d6 + d7 = d9.

It is possibleto infer a local knot coordinatesystemfrom the
knot intervals on a T-mesh. To imposea knot coordinatesystem,
we �rst choosea control point whosepre-imagewill serve asthe
origin for theparameterdomain(s;t) = (0;0). For theexamplein
Figure5, wedesignate(s0; t0) to betheknotorigin.

Oncea knot origin is chosen,we canassignan s knot valueto
eachverticaledgein theT-meshtopology, andat knotvalueto each
horizontaledgein the T-meshtopology. In Figure 5, thoseknot
valuesarelabeledsi andti . Basedon our choiceof knot origin, we
have s0 = t0 = 0, s1 = d1, s2 = d1 + d2, s3 = d1 + d2 + d3, t1 = e1,
t2 = e1 + e2, andso forth. Likewise, eachcontrol point hasknot
coordinates.For example,theknotcoordinatesfor P0 are(0;0), for
P1 are(s2; t2 + e6), for P2 are(s5; t2), andfor P3 are(s5; t2 + e6).

Figure5: Pre-imageof aT-mesh.

Oneadditionalrule for T-meshesexplainedin [Sederberg et al.
2003] is that if a T-junction on oneedgeof a facecan legally be
connectedto a T-junctionon anopposingedgeof theface(thereby

splitting thefaceinto two faces),thatedgemustbeincludedin the
T-mesh. Legal meansthat the sum of knot vectorson opposing
sidesof eachfacemustalwaysbe equal. Thus,a horizontalline
wouldneedto split faceF1 if andonly if e3 = e6 andthereforealso
e4 = e7.

Theknotcoordinatesystemis usedin writing anexplicit formula
for aT-splinesurface:

P(s;t) = (x(s;t);y(s;t);z(s;t);w(s;t)) =
n

å
i= 1

PiBi(s;t) (1)

wherePi = (xi ;yi ;zi ;wi) arecontrolpointsin P4 whoseweightsare
wi ; andwhoseCartesiancoordinatesare 1

wi
(xi ;yi ;zi). Likewise,the

Cartesiancoordinatesof pointson thesurfacearegivenby

å n
i= 1(xi ;yi ;zi)Bi(s;t)

å n
i= 1wiBi(s;t)

: (2)

Theblendingfunctionsin (1) areBi(s;t) andaregivenby

Bi(s;t) = N[si0;si1;si2;si3;si4](s)N[ti0; ti1; ti2; ti3; ti4](t) (3)

whereN[si0;si1;si2;si3;si4](s) is the cubic B-splinebasisfunction
associatedwith theknotvector

si = [si0;si1;si2;si3;si4] (4)

andN[ti0; ti1; ti2; ti3; ti4](t) is associatedwith theknotvector

t i = [ti0; ti1; ti2; ti3; ti4]: (5)

asillustratedin Figure6. Thedesigneris freeto adjusttheweights

Figure6: Knot linesfor blendingfunctionBi(s;t).

wi to obtainadditionalshapecontrol, asin rationalB-splines. As
weshallseein Section4, weightsalsoplayanimportantrole in our
new local re�nementalgorithm.

TheT-splineequationis verysimilar to theequationfor atensor-
productrationalB-splinesurface. The differencebetweenthe T-
splineequationanda B-splineequationis in how theknot vectors
si andt i aredeterminedfor eachblendingfunction Bi(s;t). Knot
vectorssi (4) andt i (5) areinferredfromtheT-meshneighborhood
of Pi . Sincewe will refer to therule wherebytheknot vectorsare
inferred,we formally stateit as

Rule 1. Knot vectorssi (4) andt i (5) for theblendingfunctionof
Pi aredeterminedasfollows. (si2; ti2) arethe knot coordinatesof
Pi . Considera ray in parameterspaceR(a ) = (si2 + a ;ti2). Then
si3 andsi4 arethes coordinatesof the�rst two s-edgesintersected
by theray(not includingtheinitial (si2; ti2)). By s-edge,wemeana
vertical line segmentof constants. Theotherknotsin si andt i are
foundin likemanner.



We illustrateRule1 by a few examples.Theknot vectorsfor P1
in Figure5 ares1 = [s0;s1;s2;s3;s4] andt1 = [t1; t2; t2 + e6; t4; t5].
For P2, s2 = [s3;s4;s5;s6;s7] andt2 = [t0; t1; t2; t2 + e6; t4]. For P3,
s3 = [s3;s4;s5;s7;s8] andt3 = [t1; t2; t2 + e6; t4; t5]. Oncetheseknot
vectorsaredeterminedfor eachblendingfunction, the T-splineis
de�ned using(1) and(3).

4 T-spline Local Re�nement

This sectionpresentsour new algorithmfor local re�nementof T-
splines. Blending function re�nement playsan importantrole in
this algorithm, and is reviewed in Section4.1. The notion of T-
splinespacesis introducedin Section4.2. This conceptis usedin
the local re�nement algorithm in Section4.3 and in the T-spline
simpli�cation algorithmin Section5.

4.1 Blending Function Re�nement

If s = [s0;s1;s2;s3;s4] is a knot vectorands̃ is a knot vectorwith
mknotswith sasubsequenceof s̃, thenN[s0;s1;s2;s3;s4](s) canbe
writtenasalinearcombinationof them� 4 B-splinebasisfunctions
de�ned over thesubstringsof length5 in s̃.

We now presentall basisfunction re�nementequationsfor the
casem= 6. Equationsfor m> 6 canbefoundby repeatedapplica-
tion of theseequations.

If s = [s0;s1;s2;s3;s4], N(s) = N[s0;s1;s2;s3;s4](s), and s̃ =
[s0;k;s1;s2;s3;s4] then

N(s) = c0N[s0;k;s1;s2;s3](s) + d0N[k;s1;s2;s3;s4](s) (6)

wherec0 = k� s0
s3� s0

andd0 = 1. If s̃= [s0;s1;k;s2;s3;s4],

N(s) = c1N[s0;s1;k;s2;s3](s) + d1N[s1;k;s2;s3;s4](s) (7)

wherec1 = k� s0
s3� s0

andd1 = s4� k
s4� s1

. If s̃= [s0;s1;s2;k;s3;s4],

N(s) = c2N[s0;s1;s2;k;s3](s) + d2N[s1;s2;k;s3;s4](s) (8)

wherec2 = k� s0
s3� s0

andd2 = s4� k
s4� s1

. If s̃= [s0;s1;s2;s3;k;s4],

N(s) = c3N[s0;s1;s2;s3;k](s) + d3N[s1;s2;s3;k;s4](s) (9)

wherec3 = 1 andd3 = s4� k
s4� s1

. If k � s0 or k � s4, N(s) doesnot
change.

A T-splinefunctionB(s;t) canundergoknot insertionin eithers
or t, therebysplitting it into two scaledblendingfunctionsthatsum
to theinitial one.Furtherinsertioninto theseresultantscaledblend-
ing functionsyieldsa setof scaledblendingfunctionsthatsumto
theoriginal. For example,Figure7.ashows theknot vectorsfor a
T-splineblendingfunction B1, andFigure7.b shows a re�nement
of the knot vectorsin Figure 7.a. By appropriateapplicationof
(6)—(9),wecanobtain

B1(s;t) = c1
1B̃1(s;t) + c2

1B̃2(s;t) + c3
1B̃3(s;t) + c4

1B̃4(s;t): (10)

4.2 T-spline Spaces

Wede�ne aT-splinespaceto bethesetof all T-splinesthathavethe
sameT-meshtopology, knot intervals,andknot coordinatesystem.
Thus,a T-splinespacecanberepresentedby thediagramof a pre-
imageof aT-meshsuchasin Figure5. Sinceall T-splinesin agiven
T-splinespacehave thesamepre-image,it is properto speakof the
pre-imageof a T-splinespace.A T-splinespaceS1 is saidto bea
subspaceof S2 (denotedS1 � S2) if local re�nementof a T-spline

Figure7: SampleRe�nementof B1(s;t).

in S1 will producea T-splinein S2 (discussedin Section4.3). If T1
is a T-spline,thenT1 2 S1 meansthatT1 hasa controlgrid whose
topologyandknot intervalsarespeci�edby S1.

Figure8 illustratesa nestedsequenceof T-splinespaces,that is,
S1 � S2 � S3 � � � � � Sn.

Figure8: Nestedsequenceof T-splinespaces.

Givena T-splineP(s;t) 2 S1, denoteby P thecolumnvectorof
controlpointsfor P(s;t), andgivena secondT-splineP̃(s;t) 2 S2,
suchthatP(s;t) � P̃(s;t). Denoteby P̃ thecolumnvectorof control
pointsfor P̃(s;t). Thereexistsa linear transformationthatmapsP
into P̃. Wecandenotethelineartransformation

M1;2P = P̃: (11)

ThematrixM1;2 is foundasfollows.
P(s;t) is givenby (1), and

P̃(s;t) =
ñ

å
j= 1

P̃ j B̃ j (s;t) (12)

SinceS1 � S2, eachBi(s;t) canbewritten asa linearcombination
of theB̃ j (s;t):

Bi(s;t) =
ñ

å
j= 1

c j
i B̃ j (s;t): (13)



Werequirethat
P(s;t) � P̃(s;t): (14)

This is satis�edif

P̃ j =
n

å
i= 1

c j
i Pi : (15)

Thus,the elementat row j andcolumni of M1;2 in (11) is c j
i . In

this manner, it is possibleto �nd transformationmatricesMi; j that
mapsany T-splinein Si to an equivalentT-splinein Sj , assuming
Si � Sj .

The de�nition of a T-splinesubspaceSi � Sj meansmorethan
simply thatthepreimageof Sj hasall of thecontrolpointsthatthe
preimageof Si has.Recallhow in Figure4, it is notpossibleto sim-
ply addP to theexistingT-meshwithoutaddingothercontrolpoints
aswell. Section4.3 presentsinsight into why that is, andpresents
our local re�nementalgorithmfor T-splines.This, of course,will
allow usto computevalid superspacesof agivenT-splinespace.

4.3 Local Re�nement Algorithm

T-splinelocalre�nementmeansto insertoneor morecontrolpoints
into a T-meshwithout changingthe shapeof the T-splinesurface.
Thisprocedurecanalsobecalledlocalknot insertion,sincethead-
dition of controlpointsto a T-meshmustbeaccompaniedby knots
insertedinto neighboringblendingfunctions.

The re�nementalgorithmwe now presenthastwo phases:the
topologyphase,andthegeometryphase.Thetopologyphaseiden-
ti�es which(if any) controlpointsmustbeinsertedin additionto the
onesrequested.Onceall requirednew controlpointsareidenti�ed,
the Cartesiancoordinatesandweightsfor the re�ned T-meshare
computedusingthelineartransformationpresentedin Section4.2.
Wenow explain thetopologyphaseof thealgorithm.

An importantkey to understandingthis discussionis to keep
in mind how in a T-spline,the blendingfunctionsandT-meshare
tightly coupled:To every controlpoint therecorrespondsa blend-
ing function,andeachblendingfunction's knot vectorsarede�ned
by Rule1. In ourdiscussion,wetemporarilydecoupletheblending
functionsfrom theT-mesh.This meansthatduringthe�o w of the
algorithm,we temporarilypermit the existenceof blendingfunc-
tions that violate Rule 1, andcontrol pointsto which no blending
functionsareattached.

Our discussiondistinguishesthreepossibleviolations that can
occurduringthecourseof there�nementalgorithm:

� Violation 1 A blendingfunctionis missingaknotdictatedby
Rule1 for thecurrentT-mesh.

� Violation 2 A blendingfunctionhasaknot thatis notdictated
by Rule1 for thecurrentT-mesh.

� Violation 3 A controlpoint hasno blendingfunctionassoci-
atedwith it.

If no violationsexist, the T-spline is valid. If violationsdo exist,
thealgorithmresolvesthemoneby oneuntil no furtherviolations
exist. Thenavalid superspacehasbeenfound.

Thetopologyphaseof our local re�nementalgorithmconsistsof
thesesteps:

1. Insertall desiredcontrolpointsinto theT-mesh.

2. If any blendingfunction is guilty of Violation 1, performthe
necessaryknot insertionsinto thatblendingfunction.

3. If any blendingfunction is guilty of Violation 2, addan ap-
propriatecontrolpoint into theT-mesh.

4. RepeatSteps2 and3 until therearenomoreviolations.

Figure9: Local re�nementexample.

Resolvingall casesof Violation 1 and2 will automaticallyresolve
all casesof Violation3.

We illustratethe algorithmwith an example. Figure9.ashows
an initial T-meshinto which we wish to insertonecontrol point,
P2. Becausethe T-meshin Figure9.a is valid, thereareno vio-
lations. But if we simply insert P2 into the T-mesh(Figure 9.b)
withoutchanginganyof theblendingfunctions, we introducesev-
eralviolations.SinceP2 hasknotcoordinates(s3; t2), four blending
functionsbecomeguilty of Violation 1: thosecenteredat (s1; t2),
(s2; t2), (s4; t2), and(s5; t2). To resolve theseviolations,we must
insert a knot at s3 into eachof thoseblendingfunctions,as dis-
cussedin Section4.1. Theblendingfunctioncenteredat (s2; t2) is
N[s0;s1;s2;s4;s5](s)N[t0; t1; t2; t3; t4](t). Insertingaknots= s3 into
thes knot vectorof this blendingfunctionsplits it into two scaled
blendingfunctions:c2N[s0;s1;s2;s3;s4](s)N[t0; t1; t2; t3; t4](t) (Fig-
ure9.c) andd2N[s1;s2;s3;s4;s5](s)N[t0; t1; t2; t3; t4](t) (Figure9.d)
asgivenin (8).

Theblendingfunctionc2N[s0;s1;s2;s3;s4](s)N[t0; t1; t2; t3; t4](t)
in Figure 9.c satis�es Rule 1. Likewise, the re�nementsof the
blendingfunctionscenteredat (s1; t2), (s4; t2), and(s5; t2) all sat-
isfy Rule 1. However, the t knot vector of blending function



d2N[s1;s2;s3;s4;s5](s)N[t0; t1; t2; t3; t4](t) shown in Figure 9.d is
guilty of Violation 2 becausethe blendingfunction's t knot vec-
tor is [t0; t1; t2; t3; t4], but Rule1 doesnot call for a knot at t3. This
problemcannotberemediedby re�ning this blendingfunction;we
mustaddanadditionalcontrolpoint into theT-mesh.

Theneededcontrolpoint is P3 in Figure9.e. Insertingthatcon-
trol point �x esthecaseof Violation 2, but it createsa new caseof
Violation1. As shown in Figure9.f, theblendingfunctioncentered
at (s2; t3) hasans knot vectorthatdoesnot includes3 asrequired
by Rule1. Insertings3 into thatknot vector�x estheproblem,and
thereareno furtherviolationsof Rule1.

This algorithm is always guaranteedto terminate,becausethe
only blending function re�nements and control point insertions
must involve knot valuesthat initially exist in the T-mesh,or that
wereaddedin Step1. In the worst case,the algorithmwould ex-
tendall partialrows of controlpointsto crosstheentiresurface.In
practice,thealgorithmtypically requiresfew if any additionalnew
controlpointsbeyondtheonestheuserwantsto insert.

In summary, this re�nement algorithm hastwo signi�cant ad-
vantagesover thealgorithmin [Sederberg etal. 2003]: It is guaran-
teedto alwayswork, andit normallyrequiresfar fewerunrequested
controlpoint insertions(asnotedin Section1 andillustratedin Fig-
ure4).

4.4 Converting a T-spline into a B-spline surface

This re�nement algorithm makes it easyto convert a T-spline 2
S1 into an equivalentB-splinesurface2 Sn: simply computethe
transformationmatrixM1;n asdiscussedin Section4.2.

[Sederberg et al. 2003]de�nesa standard T-splineto beonefor
which,if all weightswi = 1, thenå n

i= 1wiBi(s;t) � å n
i= 1Bi(s;t) � 1.

This meansthat thedenominatorin (2) is identicallyequalto one;
hence,the blendingfunctionsprovide a partition of unity andthe
T-splineis polynomial. Thus,analgebraicstatementof necessary
andsuf�cient conditionsfor a T-splineto be standardis eachrow
of M1;n sumsto 1.

The insertionalgorithm can producea surprisingresult: a T-
spline for which not all wi = 1 but yet å n

i= 1wiBi(s;t) � 1. We
dub this a semi-standardT-spline. Figure 10 shows two simple
examplesof semi-standardT-splines. The integers(1 and2) next
to someedgesare knot intervals. To verify that theseT-splines

Figure10: Semi-standardT-splines.

aresemi-standard,convert theminto B-splinesurfaces;thecontrol
pointweightswill all beone.

The notion of T-spline spacesin Section4.2 enablesa more
precisede�nition of semi-standardandnon-standardT-splines.A
semi-standardT-splinespaceS is onefor which thereexists some
elementsof S for which å n

i= 1wiBi(s;t) � 1, andnot all wi = 1. A
non-standardT-splinespaceis onefor which no elementsexist for
which å n

i= 1wiBi(s;t) � 1. Thesede�nitions aremoreprecisebe-
causethey allow for the notionof a rationalT-spline(weightsnot
all = 1) thatis eitherstandard,semi-standard,or non-standard.The
distinctionis madebasedonwhichtypeof T-splinespaceit belongs
to.

5 T-spline Simpli�cation

By T-spline simpli�cation we meanthe processof removing su-
per�uous control points,asdiscussedin Section1. Although not
entirelystraightforward, it is possibleto derive a T-splineknot re-
moval algorithmthat is essentiallythe inverseof the local re�ne-
mentalgorithmin Section4.3. Suchan algorithmis useful to re-
moveasinglecontrolpoint. However, it is dif�cult to remove large
numbersof controlpointsin this fashion.

Instead, our knot removal algorithm adaptsmulti-resolution
techniquesas follows. Considera nestedsequenceof T-spline
spaces

S0 � S1 � : : : � Sn (16)

asdiscussedin Section4.2. Tn 2 Sn is the surface(a T-splineor
NURBS)thatwe wish to simplify. Denoteby Ti 2 Si thebestleast
squaresapproximationto Tn (see[Lyche1993]).ChooseS0 to con-
sist of a 4 � 4 grid of control points suchthat the domainof T0
andTn arethesame.Denoteby Pi thevectorof controlpointsfor
Ti . Then Di;n = (Mi;nPi � Pn) 2 Sn expressesthe approximation
error (seeSection4.2 for the meaningof Mi;n). Re�nementof Si
into Si+ 1 is doneby splitting offendingfacesin half. Di;n is used
to identify offendingfaces.An offendingfacein Si is onewhose
domain[smin;smax] � [tmin; tmax] containstheknot coordinatesof a
controlpoint in Di;n whoselengthexceedsthethreshold.Eachcon-

Figure11: Identifyingandsplittingoffendingfacesin Si .

trol point in Di;n belongsto P4. We take as its length the square
root of thesumof thesquaresof the four components.All of our
exampleshave beenstandardT-splinesandpolynomialB-splines,
sothefourthelementof eachcontrolpoint in Di;n is always0. This
measureof lengthwill alsowork fairly well for rationalsurfacesif
theerrortoleranceis small.

Figure11 illustratesthis procedure.ThecontrolpointsD1, D2,
and D3 in Figure 11.aare control points in Di;n whoselength is
greaterthan the error threshold. The four shadedfacesin Fig-
ure11.acontainoneof thosethreepoints,andare�agged for split-
ting. Weexperimentedwith severaldifferentwaysto split facesand
foundthatthemostimportantprincipleis thatfacesshould,in gen-
eral,besplit roughlyin half in thedirectionwhich thefacehasthe
mostknot lines. Speci�cally, if a facehasm interior knot lines in
thesdirectionandn interiorknot linesin thet directionandm> n,
thensplit alongthe(m+ 1)=2th knot line in thes direction. Thus,
thefacethatcontainsD3 in Figure11.ais split with line L4 in Fig-
ure11.b,andthe facethatcontainsD1 is split with line L1. D2 is
on theborderbetweentwo faces,bothof which aresplit. Theface
containingL2 hasthreeinteriorsknot linesandthreeinteriort knot
lines,soeitherdirectioncouldhavebeenchosenfor thesplit.

Whenwe speakof splitting a face,we meanperforminga local
re�nementin which the two endpointsof the line segmentusedto
split thefaceareinsertedinto theT-meshusingthetopologyphase
of the local re�nement algorithm in Section4.3. The re�nement
algorithm will sometimesneedto insert a few additionalcontrol



points into the T-meshin orderto satisfyRule 1. The re�nement
algorithmmustbe invoked, or elsewe will not form a nestedse-
quenceof T-splinespaces.

In summary, our algorithm parallelsthe methodsof B-spline
waveletdecomposition[DaehlenandLyche1992]with two impor-
tantdifferences.First,we usea nestedsequenceof T-splinespaces
insteadof B-splinespaces.This allows us to split only the faces
wheretheerror is too large. Second,we do not formally compute
a decomposition.In fact,we have no needto storethesequenceof
Ti ; they areusedto identify whichfacesto split in formingSi+ 1 and
canthenbediscarded.

Figure12: (a) T-splinerepresentationof B-splinewavelet decom-
positionwith 1926controlpoints.Theredcontrolpointsaresuper-
�uous. (b) Theresultsof directT-splinesimpli�cation, with 1109
controlpoints.Approximationerror= 1:5%.

It is noteworthy thatsimilar resultscanbeobtainedby perform-
ing B-splinewavelet decomposition,thresholdingthe small coef-
�cients, andthenconstructinga T-splinefrom the remainingnon-
zerowavelet coef�cients. We implementedsuchan algorithmus-
ing the B-spline wavelet decompositionmethodin [Daehlenand
Lyche1992]. The non-zerowavelet termswerethenmergedinto
a T-splineusingthe local re�nementalgorithmin Section4.3. We
usedan error thresholdof 1:5%, which is the samevalueusedin
computingthe T-splinesimpli�cation. The T-splinecreatedusing
B-splinewaveletdecompositionin Figure12.arequired74%more
controlpointsthanthedirectT-splinesimpli�cation algorithm.We
believe that this is mainly dueto the extra control points that the
local re�nementalgorithmofteninserts.We stressthatFigure12.a
is a T-spline,andnot merelya tensorproductgrid. The conver-
sionfrom B-splinewaveletsto T-splinesdoesnot produceasmany
T-junctionsasourdirectT-splinesimpli�cation algorithm.

6 Results and Discussion

We concludeby presentingtheresultsof performingT-splinesim-
pli�cation on threecommercial-qualityNURBS modelsthat were
providedto uscourtesyof ZygoteMediaGroup,Inc. In eachcase,
theartistswho createdthesemodelsexercisedcareto avoid super-
�uous control points. Yet, our algorithm succeededin eliminat-
ing abouthalf of thecontrolpoints.Furthermore,thesemodelsare
comprisedof several differentNURBS surfaces. Using the tech-
niquespresentedin [Sederberg et al. 2003], it is possibleto merge
adjoiningNURBSsurfacesinto a singleair-tight T-spline,without

addingnew control points. By contrast,merging theminto a sin-
gle NURBScancausethenumberof controlpointsin themerged
modelto increasedramatically. The imagein Figures13.a, 14.a,
and15.awereall renderedusingtheT-splinecontrolgrid. Thered
controlpointsin Figures13.c, 14.c,and15.cdenoteT-junctions.

Figure13: Modelof aFrog(courtesyof ZygoteMediaGroup,Inc.)

Figure 14: Model of a Triceratops(courtesyof Zygote Media
Group,Inc.)

Figure15: Model of a Woman(courtesyof ZygoteMediaGroup,
Inc.)

In summary, the local re�nement algorithm presentedin Sec-
tion 4.3 performs much more ef�ciently than the algorithm
in [Sederberg et al. 2003]. Furthermore,it is shown that this algo-
rithm alwaysworks. The T-splinesimpli�cation algorithmis able
to identify and remove a large percentageof super�uouscontrol
points,evenin high-qualityNURBSmodels.

Mostof theexamplesin thispaperhavefocusedonT-splinesim-
pli�cation in which an existing NURBS model is convertedinto
a T-spline. However, a potentiallymorecommondesignscenario
would be one in which an artist begins from scratchto createa
T-splinemodel. In this setting,the local re�nement algorithmin
Section4.3will allow adesignerto createamodelthatateachstep
hasa minimal numberof super�uouscontrol points to get in the
way. Figure16 illustrateshow this capabilitycansimplify thede-
sign process.The artist begins with the coarsemodel in Step1,
thenperformsa seriesof re�nementsby addingcontrol points in
regions wheremore detail is called for, and then adjustingthose
controlpoints. Notehow thecontrolpoint insertionis local to the



Figure 16: Initial stepsin creatinga model of a headusing T-
splines.(f) is theresultof converting(e) into aNURBSsurface.

regionbeingre�ned. Figure16.f shows theresultof convertingthe
T-splinein Figure16.einto aNURBS.

In closing, we pose two open questions. First, Section4.4
presentsan algebraicstatementof necessaryandsuf�cient condi-
tions for a T-splinespaceto be standard.What is the topological
interpretationof thoseconditions?That is, what T-meshcon�gu-
rationsyield a standardT-spline? Second,in this paperwe have
referredto T-splineblendingfunctionsinsteadof basisfunctions.
Are T-splineblendingfunctionsalwayslinearly independent(and
hencecanthey rightly becalledbasisfunctions)?
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