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Computer-based systems for modehng the geometry of rigid solid objects are becoming 
increasingly important in mechanical and civil engineering, architecture, computer 
graphics, computer vision, and other fields that deal with spatial phenomena. At the heart 
of such systems are symbol structures (representations) designating "abstract solids" 
(subsets of Euclidean space) that model physical solids. Representations are the sources 
of data for procedures which compute useful properties of objects. 

The variety and uses of systems embodying representations of solids are growing 
rapidly, but so are the difficulties in assessing current designs, specifying the 
characteristics that future systems should exhibit, and designing systems t9 meet such 
specifications. This paper resolves many of these difficulties by providing a coherent view, 
based on sound theoretical principles, of what is presently known about the 
representation of solids. 

The paper is divided into three parts. The first introduces a simple mathematical 
framework for characterizing certain important aspects of representations, for example, 
their semantic (geometric) integrity. The second part uses the framework to describe and 
compare all of the major knownschemes fo~ representing solids. The third part briefly 
surveys extant geometric modeling systems and then applies the concepts developed in 
the paper to the high-level design of a multiple*representation geometric modeling system 
which exhibits a level of reliability and versatility supermr to that of systems currently 
used in industrial computer-aided design and manufacturing. 
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INTRODUCTION 

Three-dimensional solid geometry plays an 
important  role in many  scientific and engi- 
neering fields, and is vital to the industries 
which produce discrete goods. The  need for 
powerful computat ional  means for dealing 
with geometry is widely recognized, and a 
variety of geometry programs and systems 
have been or are being developed by re- 
search laboratories, industrial users, and 
commercial vendors. 

Useful geometry systems have four pri- 
mary  components  (see Figure 1): (1) symbol 
structures which represent solid objects; 

(2) processes which use such representa- 
tions for answering geometric questions 
about  the objects (such as "Wha t  is the 
volume?"); (3) input facilities, tha t  is, 
means for creating and editing object rep- 
resentations and for evoking processes; and 
(4) output  facilities and representations of 
results. The  subsystem which provides fa- 
cilities for entering, storing, and modifying 
object representations is called a geometr ic  
model ing  sys tem (GMS--see  the dashed 
box in Figure 1). Because the geometric 
questions that  a system may  be required to 
accommodate  are strongly application-de- 
pendent  and the range of potential appli- 
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cations is broad (graphics, design analysis, 
manufacturing, inspection, assembly, and 
so on), it is useful to study applications 
subsystems and GMSs separately, and to 
identify the constraints that they impose 
on each other. 

DEFNS OF 
OBJECT 
GEOMETRY 

GEOMETRIC 
"QUESTIONS" 
(COMMANDS) 

Most of the geometry systems ccrrently 
used in industrial computer-aided design 
and manufacturing (CAD/CAM) possess 
relatively sophisticated human-engineered 
input facilities but suffer from major rep- 
resentational deficiencies. Specifically, rep- 
resentations are collections of curves and 
surfaces which need not correspond to sin- 
gle, well-defined, solid objects. This implies 
that such systems must rely on human as- 
sistance to supply missing information and 
resolve inconsistencies, and therefore can~ 
not support reliably and automatically 
such applications as the calculation of mo- 
ments of inertia or the generation of dis- 
plays with hidden surfaces suppressed. 

This paper focuses on the representa- 
tional issues that arise in the design of 
GMSs. (Input techniques for effective man-  
machine communication are important but 
warrant a separate discussion.) The goals 
of the paper are 

• to establish a framework for characteriz- 
ing representation schemes for rigid solid 
objects; 

• to describe the known schemes in terms 
of the framework; 

• to discuss briefly how characteristics of 
the schemes influence the design of input 
and output (applications) subsystems; 

• to demonstrate that the concepts devel- 
oped in the paper are useful in the design 
of advanced modeling systems. 

FIGURE 1. 

A thorough discussion of contemporary 
GMSs is beyond the scope of the paper, but 

A useful geometry system. 
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a brief survey and references for further 
reading are provided. 

This paper resulted from research in de- 
sign and manufacturing automation in 
the mechanical industries [VoEL77, VOEL 
74a], but  it should be relevant to a variety 
of other scientific and engineering fields. 
Specifically, the discussion of representa- 
tion schemes in Section 1 applies to any 
field that admits a well-defined mathemat- 
ical modeling space, and the study of rep- 
resentations of solids in Section 2 is rele- 
vant to any field in which the geometry of 
solids is important. The paper's emphasis, 
however, is on the representation of the 
detailed geometry of objects specified or 
designed by humans or automata [$IMo69], 
and, more specifically, on "functional" 
rather than "aesthetic" objects. 

An important topic not addressed in the 
paper is the representation of classes of 
"equivalent" solids. Two quite distinct ex- 
amples of equivalence classes are (1) the 
class of mechanical parts which satisfy a 
particular tolerance specification and there- 
fore are functionally equivalent and inter- 
changeable in assembly, and (2) the class 
of all objects that humans recognize 
as (say) chairs. The methodology discussed 
in this paper is applicable to quantitatively 
defmed classes, such as the former 
[REQu77a], but seems of limited usefulness 
for dealing with qualitatively defined 
classes, such as the latter. 

1. CHARACTERIZATION OF REPRESENTA- 
TION SCHEMES 

1.1 Representational Issues 

Geometric algorithms do not manipulate 
physical solids; rather, they manipulate 
data (symbol structures) which represent 
solids. How are such data to be selected? 
Are some choices better than others? 

Let us consider a specific example. Sup- 
pose we wish to represent flat-faced solid 
polyhedra. We take an edge-based ap- 
proach because the edges of such solids are 
the most perceptually obvious features, and 
lend themselves well to line drawings. Each 
edge may be defined by its endpoints, and 
the solid may be represented by a collection 
of six-tuples of real numbers: 

(X,, Y,, Z,, X~, Y~, Zj) 

In addition to defining the syntax (nota- 
tion) of representations, we must also de- 
fine their semantics (geometric meaning) 
by specifying a rule which associates ge- 
ometry with representations. In our poly- 
hedral example we interpret (X,, Yi, Zi) and 
(X~, Y~, Zj) as the coordinates of two points 
and associate a six-tuple with the line seg- 
ment whose endpoints have those coordi- 
nates. It is clear that six-tuples represent 
edges unambiguously, but  we want to rep- 
resent solids, not edges. The following 
questions come to mind immediately. 

• Do edges supply enough information 
about a solid polyhedron to enable us to 
compute (fully automatically) the vol- 
ume, appearance, and any other geomet- 
ric property of the polyhedron? 

• Does an arbitrary collection of six-tuples 
represent a solid polyhedron? If not, how 
can one ensure that geometric algorithms 
and systems operate on valid data? 

• Are there other ways of representing a 
solid? (Yes.) 

• How does one determine if two ostensibly 
different representations correspond to 
the same solid? 

• Can some geometric properties be com- 
puted from one representation but not 
from another? 

• Which representation is best? 

These are fundamental questions that 
any theory of geometric modeling should 
address. In the sequel we shall seek math- 
ematical and algorithmic answers to similar 
but more general questions. To do this, 
however, we must agree on what we mean 
mathematically by a solid, and we must 
define, formally, "representational com- 
pleteness," "representation equivalence," 
and related concepts. 

1.2 The Role of Mathematical Models 

A simple example will elucidate the role of 
mathematical models. Consider the strings 
'125' and 'CXXV'. Everybody knows that 
such strings represent the "same thing," 
but  what is it that they represent? We could 
say that they represent physical entities 
such as collections of pebbles, but  it is more 
reasonable to say simply that they repre- 
sent natural numbers, which are abstract 
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mathematical entities that  model those as- 
pects of reality relevant to counting. It is 
the existence of underlying abstract 
models--natural  numbers-- that  allows us 
to study mathematically, without recourse 
to physical experiments, the properties of 
decimal and Roman representations. 

We take a similar approach in our studies 
of geometric modeling by postulating ab- 
stract geometric entities--subsets of three- 
dimensional Euclidean spaces (Ea)--which 
model physical solids. The capabilities and 
limitations of Euclidean-geometry models 
are well understood: they have been estab- 
lished through centuries of experimenta- 
tion. 

Very few subsets of E 3 are adequate 
models of physical solids. The notion of 
"abstract solid" should capture mathemat- 
ically the following properties to be useful, 
especially in the context of automation 
studies. 

(1) Rigidity: An abstract solid must have 
an invariant configuration or shape 
which is independent of the solid's lo- 
cation and orientation. 

(2) Homogeneous three dimensionality: A 
solid must have an interior, and a solid's 
boundary cannot have isolated or "dan- 
gling" portions. 

(3) Finiteness: A solid must occupy a finite 
portion of space. 

(4) Closure under rigid motions and certain 
Boolean operations: Rigid motions 
(translations and/or rotations) or op- 
erations that add or remove material 
(welding, machining) must, when ap- 
plied to solids, produce other solids. 

(5) Finite describabflity: There must be 
some finite aspect of E a models of solids 
(e.g., a finite number of "faces") to en- 
sure that they are representable in com- 
puters. 

(6) Boundary determinism: The boundary 
of a solid must determine unambigu- 
ously what is "inside," and hence com- 
prises, the solid. 

The mathematical implications of prop- 
erties (1)-(6) are discussed in R~.Qu77b, 
where it is argued that suitable models for 
solids are (congruence classes of) subsets of 
E 3 that are bounded, closed, regular, and 

SOLID CUBE 

\ J  
(a) 

(} 
EXPANDED VIEW~ ,I ).~ fix 
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FIGURE 2. Examples  of  subse t s  of  E 3 t ha t  are no t  r- 
sets.  (a) Nonregula r  set. (b) Nonsemiana ly t ic  set. 

semianalytic; we call such sets r-sets. I' 2 A 
congruence class is a collection of sets that 
can be obtained from one another by se- 
quences of translations and rotations. A 
bounded set is one that occupies a finite 
portion of space. The mathematical notions 
of "closed regular set" and "semianalytic 
set" may be explained intuitively by refer- 
ring to the counterexamples shown in Fig- 
ure 2. The set in Figure 2a is closed because 
it contains its boundary, but is not a closed 
regular set because its boundary has dan- 
gling portions that are not adjacent to the 
set's interior. The set in Figure 2b is not 
semianalytic because its top face is ill-be- 
haved; it oscillates infinitely fast as it ap- 
proaches the left face. 

R-sets are topological polyhedra 

T h e  appendix  conta ins  formal  de f inmons  of ma the -  
mat ica l  t e r m s  t h a t  m a y  be unfami l ia r  to readers.  
2 Because  each  r -se t  de te rmines  uniquely  a congruence  
class, a solid can be modeled  by a single r-set.  
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"DANGLING 
FACE" 

An B 

FIGURE 3. The regularized mtersectmn of two r-sets 
is an r-set, but their conventional intersection need 
not be regular (sets shown in orthographic projec- 
tion). 

[AGOS76, REQu77b] and therefore may be 
viewed intuitively as curved polyhedra with 
well-behaved boundaries. Note, however, 
that r-sets need not be connected--that  is, 
one-piece--and may have "through holes." 
(Some readers may prefer to think of r-sets 
as models for groups of solids in a fixed 
spatial relationship rather than for single 
physical solids.) Under the conventional 
(Boolean) set operations (see Figure 3) r- 
sets are not algebraically closed, but they 
are closed under the so-called regularized 
set intersection, union, and difference 
[REQU77C, REQU78, TILo80b], denoted 
N*, O*, -* ,  which are modified versions of 
their conventional counterparts (see foot- 
note 1). 

1.3 Definitions 

The following simple definitions, together 
with the sharp characterization of abstract 
solids provided by r-sets, allow us to use a 
large body of mathematical knowledge to 
study representations of solids and to an- 

swer questions such as those posed in Sec- 
tion 1.1. 

Syntactically correct representations are 
finite symbol structures constructed with 
symbols from an alphabet according to syn- 
tactical rules. The collection of all syntact- 
ically correct representations is called a rep- 
resentation space R. A representation 
space may be viewed as a language gener- 
ated by some grammar. Note, however, that  
we admit representations that  are not 
strings (they may be, for example, graphs), 
and place no restrictions on the generating 
grammars. 

We define the semantics of representa- 
tions by associating geometric entities with 
representations. Thus we postulate a math- 
ematical modeling space M whose ele- 
ments are abstract solids (r-sets), and es- 
tablish a correspondence between the ele- 
ments of M and the elements of R via a 
representation scheme; see Figure 4. 

A representation scheme is defined for- 
really as a relation s: M - - ,  R. We denote 
the domain of s by D, and the range or 
image of D under s by V. Any representa- 
tion in the range V is said to be valid since 
it is both syntactically and semantically 
correct (i.e., it belongs to R and has corre- 
sponding elements in the domain D). 

Observe in Figure 4 that we neither as- 
sume that all objects are representable (D 
need not equal M) nor that all syntactically 
correct representations are valid (V need 
not equal R). We adopt this formulation 
largely as a matter of convenience because 

FIGURE 4. D o m a m a n d r a n g e o f a r e p r e s e n t ~ l o n s c h e m e .  

R" Space o£ 
syntactically 
correct repre- 
sentations pro- 

D (domain of s) Set V (range of s). Set of 
of elements of M that may syntactically correct 
be represented via s. representations that 

are images of elements 
of D. 
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the ranges of practical representation 
schemes seldom may be defined wholly syn- 
tactically by reasonable (e.g., context-free) 
grammars. 

A representation r in V is unambiguous 
or complete if it corresponds to a single 
object (if the set s-~(r) is a single-element 
subset {m} of D). It is unique if its corre- 
sponding objects do not admit representa- 
tions other than r in the scheme (if s (s-l(r)) 
= {r}). 

A representation scheme s is unambigu- 
ous or complete if all of its valid represen- 
tations are unambiguous (if the inverse re- 
lation s -~ is a function). It is unique if all of 
its valid representations are unique (if s is 
a function). Completeness neither implies 
nor is implied by uniqueness. An unambig- 
uous and unique representation scheme es- 
tablishes a one-to-one correspondence be- 
tween its domain and range. ~ 

The foregoing definitions may be sum- 
marized intuitively as follows. A represen- 
tation scheme is a relation between (ab- 
stract) solids and representations. A repre- 
sentation is invalid if it does not correspond 
to any solid. A valid representation is am- 
biguous if it corresponds to several solids. 
A solid has nonunique representations if it 
can be represented in several ways in the 
scheme. 

1.4 Formal Properties of Representation 
Schemes 

This section discusses the practical impli- 
cations of some important formal proper- 
ties of representation schemes that follow 
from the earlier definitions. 

1.4.1 Domain 

The domain of a representation scheme 
characterizes the descriptive power of the 
scheme: the domain is the set of entities 
representable in the scheme. 

1.4.2 Vahdlty 

The range of a representation scheme is the 

3 In the mathematical literature the term "represen- 
tation" often is used to denote exclusively one-to-one 
mappings, and representations may be arbitrary math- 
ematical entities rather  than finite-length symbol 
structures, 

set of representations which are valid. Rep- 
resentational validity is of obvious impor- 
tance in ensuring the integrity of databases, 
in that  databases should not contain sym- 
bol structures which correspond to non- 
sense objects. 4 Invoking a geometric algo- 
rithm on an invalid representation may pro- 
duce a system crash, obviously suspect re- 
suits, or, in the worst case, results which 
appear to be credible but are in fact mean- 
ingless. 

In the past the responsibility for ensuring 
the validity of representations in GMSs has 
rested with humans. Typically, a human 
would create an object representation and 
then check graphic displays to determine 
whether the representation "made sense." 
Not only is this procedure error-prone, but 
visual checking is usually impossible if rep- 
resentations of solids are created, in the 
solution of a problem, by automata (pro- 
grams) rather than by humans. Program- 
created object representations already are 
used in the PADL-1 system [VOEL78]  and 
will proliferate in the future as increasingly 
automated design and manufacturing sys- 
tems are built. 

Thus future GMSs will not be able to 
rely on human validation and must ensure 
representational validity by automatic 
means. This may be done by providing 
algorithms to check the validity of repre- 
sentations after they have been con- 
structed, or by embedding validity con- 
straints in the procedures which construct 
the representations. The cleanest approach 
is to design representation schemes in 
which essentially all syntactically correct 
representations are valid (see Section 2.5 
for an example), thereby reducing validity 
checking to a parsing problem. 

1.4.3 Completeness 

The importance of completeness (as de- 
fined in Section 1.3) is best understood in 
the context of applications, where one must 

4 M. C. Escher's well-known prints provide examples 
of (graphical) representations of nonsense 3-D objects. 
Conditions under which collections of 2-D lines cor- 
respond to nonsense polyhedra have been studied in 
the literature on scene analysis [CLow71, HUFF71, 
WALT751. 
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compute properties of represented entities. 
By definition, each unambiguous represen- 
tation contains enough information to dis- 
tinguish a single entity from all other enti- 
ties in the modeling domain, and therefore 
is a sufficient source of data for evaluating 
any mathematically defined function of the 
entity. (We ignore here properties defined 
by functions that are not computable at 
all.) 

Readers should not infer, however, that 
ambiguous representations are useless; they 
may be entirely adequate for specific appli- 
cations. For example, the edge-based 
scheme for representing polyhedra intro- 
duced in Section 1.1 is ambiguous, as we 
see later, but is adequate for computing the 
convex hulls of polyhedra. Completeness is 
important when there is a wide range of 
applications to be supported by a practical 
modeling system, and is especially impor- 
tant when the range of applications is not 
known in advance. 

1.4.4 Uniqueness 

Representational uniqueness is important 
for assessing the equality of objects. The 
following examples illustrate the need for 
equality-assessment algorithms. 

because decimal representations are un- 
ambiguous and unique. Equality assess- 
ment in schemes which are unambiguous 
but not unique requires more-elaborate 
techniques. For example, two point sets 
may be tested for equality by determining 
whether their symmetric difference is the 
null set. 

Most representation schemes for geomet- 
ric entities are nonunique for at least two 
r e a s o n s :  

(1) Substructures in a representation may 
be permuted. 

(2) Distinct representations may corre- 
spond to differently positioned but con- 
gruent copies of a single geometric en- 
tity. 

Both permutational (case 1) and posi- 
tional (case 2) nonuniqueness are concep- 
tually trivial. Nevertheless, determining 
whether two structures contain the same 
elements may be computationally expen- 
sive when the structures are large. Posi- 
tional nonuniqueness is even more perni- 
cious because generally it is not easy to 
design algorithms for deciding whether two 
geometric entities axe congruent. 

• Repeated representations may be culled 
from a database only if one can determine 
that two representations (in the same 
scheme) correspond to the same object. 

• Automatic planning algorithms which 
search a space of alternatives may loop 
indefinitely if they cannot recognize pre- 
viously encountered situations. 

• Correct programs for numerically con- 
trolled (NC) machine tools must produce 
objects that equal those specified by the 
product designers. 

Representation schemes which are both 
unambiguous and unique are highly desir- 
able because they are one-to-one mappings. 
This implies that distinct representations 
in such schemes correspond to distinct ob- 
jects, and therefore object equality may be 
determined by algorithms which compare 
object representations "syntactically." For 
example, it is obvious that the strings '125' 
and '54' represent distinct natural numbers 

1.5 Informal Properties of Representation 
Schemes 

This section discusses several properties of 
representation schemes which are practi- 
cally important but which cannot be for- 
malized readily in a useful way. 

1.5.1 Conciseness 

Conciseness refers to the "size" of represen- 
tations in a scheme. Concise representa- 
tions are convenient to store and to trans- 
mit over data links, and contain relatively 
few redundant data. The validity of such 
representations is usually easy to ensure 
because nonredundancy implies that the 
entities comprising the representation are 
largely independent and therefore need sa- 
tisfy few constraining relations. 

It is important to realize, however, that 
selectively imposed redundancy may have 
practical advantages. Specifically, it may be 
used to detect and correct syntactic errors 
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in representations and to improve (often 
dramatically) computational efficiency by 
storing, rather then computing, often 
needed data derivable from a concise rep- 
resentation. 

1.5.2 Ease of Greation 

The ease with which (valid) representations 
may be created by users of modeling sys- 
tems is of obvious importance, especially if 
the users are human. Concise representa- 
tions generally are easier to create than 
verbose ones, because conciseness implies 
that fewer data need be specified and that 
the individual data items are largely inde- 
pendent. 

Modeling systems based on verbose rep- 
resentations usually must contain powerful 
input subsystems to help users with the 
creation of representations. Such modeling 
systems also should possess automatic va- 
lidity-ensuring mechanisms to relieve users 
of the burden of ensuring manually the 
validity of representations. 

1.5.3 Efficacy in the Context of Applications 

Representations of objects should be 
viewed for practical purposes as sources of 
data for algorithms. An unambiguous rep- 
resentation is guaranteed to be a sufficient 
source of data, but it may not be convenient 
or efficient for all algorithms that compute 
the value of some specific function. A non- 
geometric example: Roman representations 
of natural numbers are not convenient for 
algorithms which perform arithmetic oper- 
ations. 

The design of representation schemes 
that permit the use of "good" algorithms 
for evaluating useful functions is a central 
issue in the design of modeling systems. 
Good algorithms should be correct, effi- 
cient, and robust in the presence of numer- 
ical errors, and should exhibit other less 
quantifiable properties such as extensibil- 
ity. 

The correctness of an algorithm can be 
assessed only if precise algorithm specifi- 
cations are available. In the realm of ge- 
ometry an algorithm specification consists 
of the definition of a mathematical function 
(including its domain and range) to be eval- 
uated by the algorithm, together with deft- 

nitions of representation schemes for the 
domain and range. The proper specification 
of geometric algorithms has not received 
the attention it deserves. 

The classical methods for analyzing and 
comparing algorithms (see AHO74 and re- 
cent work on geometric algorithms 
[SHAM78, LEE76]) ignore the issues of ro- 
bustness and extensibility, and apply 
mainly to algorithms which operate on a 
f ixed pair of domain and range representa- 
tion spaces. The larger problem of compar- 
ing alternative "function-evaluation tri- 
ples" consisting of algorithms and repre- 
sentation schemes is not well understood. 

In summary, little is known in an abstract 
sense about representational efficacy. We 
lack not only formal means for character- 
izing the class of functions which may be 
evaluated efficiently by algorithms operat- 
ing on representations in a particular 
scheme, but also insight into the interplay 
between representations and algorithms. 

The experience accumulated to date in 
geometric modeling indicates that no single 
object representation scheme is uniformly 
"best" when many applications must be 
accommodated, and that (as cited earlier) 
redundant data often play a pivotal role in 
achieving efficiency. We conclude that gen- 
eral-purpose GMSs are likely to contain 
multiple representations of objects, in dif- 
ferent schemes, with each representation 
tailored to a specific class of applications 
[BRowT8]. 

1.6 Multiple Representations: Consistency 
and Equivalence 

The presence of multiple representations 
introduces a strong form of redundancy in 
a modeling system and raiges the issue of 
consistency. In essence, one must ensure 
that the various symbol structures which 
allegedly represent the same object (or ob- 
jects) in different schemes do not carry 
contradictory information. 

Figure 5 illustrates the formal notion of 
consistency. Representations r in R and r' 
in R '  are consistent if there is (at least) a n  

object m of M having representations r and 
r'. The dashed lines in Figure 5 indicate 
that m may have several representations in 
R and R'  (when the schemes are not 
unique) and that  other elements of M may 
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/ \ 

/ \ s /// \\~\s 

FIGURE 5. Representat ional  consistency. 

correspond to r and r' (when the schemes 
are ambiguous). 

Consistency generally is not an equiva- 
lence relation between valid representa- 
tions in schemes s and s'. We define repre- 
sentational equivalence as follows. Two 
representations r and r' are equivalent if 
they represent the same set of objects (if 
s -1 (r) = s '-] (r')). The definition of repre- 
sentational equivalence may be extended 
as follows to cater for entire representation 
schemes. Two representation schemes s 
and s' are equivalent if each representation 
r of s possesses an equivalent r' of s', and 
vice versa. It follows from the definition 
that equivalent representation schemes 
have the same domain, and that two un- 
ambiguous representation schemes are 
equivalent if and only if they have the same 
domain. 

Consistency, not equivalence, is the im- 
portant concept when dealing with ambig- 
uous representations. In geometric model- 
ing, for example, it is important to require 
that (representations of) the top and front 
views of an object be consistent (both are 
ambiguous representations of solids). It 
would be unreasonable to require that the 
top and front views be equivalent: that all 
solids exhibiting a common top view also 
exhibit a common front view. 

The need to enforce consistency has im- 
portant implications for the design of mul- 
tiple-algorithm GMSs, as we see later. 

2. SCHEMES FOR REPRESENTING RIGID 
SOLIDS 

This section focuses mainly on the known 
families of schemes that yield unambiguous 

representations of solids. It will become 
apparent that they are based on standard 
mathematical techniques for constructing 
sets from other sets, and therefore (1) anal- 
ogous schemes may be designed for repre- 
senting nonsolid entities such as surfaces, 
and (2) hybrid schemes may be designed by 
combining the various techniques. The 
schemes are characterized by the properties 
introduced in Section 1; the schemes' effi- 
cacies are discussed in the context of appli- 
cations that are important in design and 
manufacturing automation. 

2.1 Ambiguous Schemes 

We begin with a discussion of a few widely 
used ambiguous representation schemes. 

The traditional means for specifying 
solids--engineering drawings--are best 
viewed as informal means of communica- 
tion among humans. Humans make liberal 
use of common sense to interpret drawings; 
sometimes they make errors of interpreta- 
tion, and occasionally they correctly inter- 
pret erroneous drawings without noticing 
that the errors exist. 

We know of no formal definition of draft- 
ing as a representation scheme. Drafting 
textbooks do not define in a precise manner 
the entities that appear in "views," and 
they state that the number of views, section 
views, details, and notes should be suffi- 
cient to avoid ambiguity. Thus the text- 
books' definitions are too informal for a 
precise study of drafting as a representation 
scheme. Nevertheless, drawings are an ef- 
fective means for communicating among 
humans and have been the major medium 
for geometric specification used by industry 
until recently. The first computer-aided 
drafting systems represented drawings (2- 
D entities) rather than 3-D solids. In such 
systems changes made to a view of an ob- 
ject are not propagated automatically to 
other views because the system does not 
know that the various views are projections 
of a single object. 

One may move beyond drafting toward 
more formal schemes in the following direc- 
tions. 

(1) Represent solids by collections of 
planar projections. To construct un- 
ambiguous representation schemes 
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based on this notion, one must exhibit 
a mapping between valid drawings and 
solids in a domain. Defining such a 
mapping is a difficult and largely unre- 
solved problem, and is related closely 
to scene-analysis studies which attempt 
to infer 3-D shape information from 2- 
D projections. 

(2) Abandon the use of projections as rep- 
resentations and seek suitable collec- 
tions of 3-D entities. Drafting practice 
suggests that "edges" be used as the 
primary representational entities. This 
yields so-called wireframe representa- 
tions, which can be shown [VOEL77, 
MARK80] to be ambiguous even for the 
domain of plane-faced solids. 5 The ma- 
jority of the current commercial 3-D 
systems axe based on (curved) wire- 
frame representations, and cannot sup- 
port, for example, reliable hidden line 
elimination or automatic computation 
of section views. (If one goes further 
and associates "edges" with "faces," 
one can obtain unambiguous represen- 
tations, as we see later.) 

Another line of development has led to a 
distinctly different class of ambiguous rep- 
resentations. The development was moti- 
vated by the following practical problem: 
Given a physical solid--for example, a hu- 
man head or a clay model of an automobile 
body--construct  a reasonably accurate 
computer representation of the solid. The 
usual approach consists of measuring the 
coordinates of a large number of points 
lying on the boundary of the object or in 
the object's interior and using the set of 
coordinates as a representation of the ob- 
ject. 

It is clear that such finite collections of 
points generally are ambiguous represen- 
tations of r-sets. In practice one may con- 
struct an unambiguous representation of an 
r-set such that the measured points belong 
to the set, but the construction is not 

5 We use "rectflmear polyhedron" to denote a plane- 
faced solid and "topological polyhedron" to denote 
any sohd obtainable by an elastic deformation of a 
rectihnear polyhedron "Polyhedron," without a qual- 
ifier, is used when the mtended meaning is clear from 
the context. (See AGos76 or REQU77b for mathemat- 
ical definitions.) 

unique. An exemplary algorithm for con- 
structing boundary representations from fi- 
nite sets of boundary points is described in 
Fucs77.  (Boundary representations are 
discussed in Section 2.7.) 

The remainder of this section is devoted 
to a study of unambiguous schemes for 
representing solids. 

2.2 Pure Primitive Instancing 
Schemes 

An independent approach to solid-object 
representation has been used in the manu- 
facturing world, mainly in the context of 
so-called Group Technology [GALL73]. It is 
based on the notion of families of objects, 
each member of a family being distinguish- 
able by a few parameters. Each object fam- 
ily is called a generic primitive, and indi- 
vidual objects within a family are called 
primitive instances. Primitive instances are 
represented by fixed-length tuples of val- 
ues. For example, instances of a family of 
prisms can be represented by tuples of the 
form ('PRISM', N, R, H) where 'PRISM' is 
a character string (the name of the family), 
N is the number of sides, and R and H are 
the radius and height of a circumscribing 
cylinder. 

The distinguishing characteristic of pure 
primitive instancing schemes is the lack of 
means for combining instances to create 
structures which represent new and more 
complex objects. Such schemes are akin to 
languages defined by grammars in which it 
is not possible to combine words to form 
sentences. 

In principle, pure primitive instancing 
schemes are unambiguous, unique, easy to 
validate, concise, and easy to use; they also 
promote standardization of components. In 
practice, however, such advantages obtain 
only for domains small enough to be cov- 
ered by a small catalog of families, each 
having a small number of parameters. 

The other main drawback of pure primi- 
tive instancing schemes is the difficulty of 
writing algorithms for computing proper- 
ties of represented solids. A considerable 
amount of family-specific knowledge must 
be built into the algorithms, and therefore 
each object family must be treated as a 
special case, allowing no uniform overall 
treatment. 
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All of the other schemes discussed below 
represent solids by structures containing a 
variable number of (representations of) 
primitive instances {which need not be 
solids). The main value of pure primitive 
instancing schemes--their "part family" ca- 
pability and associated conveniences--is 
disappearing rapidly because such a capa- 
bility can be provided in structured 
schemes through generic-object represen- 
tations {i.e., structured representations 
with uninstantiated parameters). 

2.3 Spatial Occupancy Enumeration 

A representation of a solid in a spatial oc- 
cupancy enumeration scheme is essentially 
a list of spatial cells occupied by the solid. 
The cells, sometimes called voxels (an ab- 
breviation of "volume elements"), are cubes 
of a fixed size and lie in a fixed spatial grid. 6 
Each cell may be represented by the coor- 
dinates of a single point, such as the cell's 
centroid. Usually a specific spatial scanning 
order is imposed; the corresponding or- 
dered sets of three-tuples are called spatial 
arrays. (An ordering is convenient for a 
variety of practical reasons.} 

Spatial arrays are unambiguous, unique 
{except for positional nonuniqueness), and 
easy to validate, but  they are potentially 
quite verbose. The degree of verbosity de- 
pends largely on how well the class of phys- 
ical objects matches the domain represent- 
able by spatial occupancy enumeration. 
Thus spatial arrays may be reasonable rep- 
resentations in certain architectural appli- 
cations where buildings are sufficiently 
modular [MARc74] or in tomography where 
irregular biological objects are modeled ap- 
proximately by polyhedra. (Spatial occu- 
pancy enumeration is one of the methods 
for constructing an unambiguous represen- 
tation from a finite-set-of-points ambiguous 
representation--see Section 2.1.) However, 
for such man-made objects as mechanical 
parts, which must be defined precisely but  
are neither boxlike nor extremely irregular, 
spatial arrays are too verbose for practical 
use as "master" (definitional) representa- 

6 Other decompositmns (e.g., tetrahedral) of E ~ may 
be used, but for smaplicity we discuss only the cubical 
grid because the type of grid does not affect the basic 
propertms of the schemes. 

tions. (They can represent coarse approx- 
imations of such parts, and often can be 
used to improve the performance of geo- 
metric algorithms.) Some of the verbosity 
of pure spatial occupancy enumeration may 
be avoided by using hybrid schemes which 
combine a restricted form of constructive 
solid geometry (CSG), described in Section 
2.5, with spatial arrays [REDD78]. 

Spatial occupancy enumeration shares 
certain interesting properties with other 
schemes that are based on the decomposi- 
tion of solids into components with nonin- 
tersecting interiors. These properties are 
discussed in the context of cell decomposi- 
tion schemes. 

2.4 Cell Decompositions 

A solid triangulation of a rectilinear poly- 
hedron is a decomposition of the polyhe- 
dron into tetrahedra which must either be 
disjoint or meet precisely at a common face, 
edge, or vertex. Curved polyhedra may be 
triangulated by decomposing them into 
curved tetrahedra which satisfy a condition 
analogous to that above. Cell decomposi- 
tions are a generalization of triangulations. 
The tetrahedra and triangles in a triangu- 
lation are replaced by 3-cells and 2-cells, 
respectively, in a cell decomposition. Cells 
may have an arbitrary number of sides. 

A solid may be represented by decom- 
posing it into cells and representing each 
cell in the decomposition. Spatial occu- 
pancy enumeration schemes are a particu- 
lar case in which all of the cells in the 
scheme must be cubical and lie in a fixed 
grid. 

Cell decompositions are unambiguous 
but nonunique. Validity is computationally 
expensive to establish because a 3-D ver- 
sion of the boundary validity problem dis- 
cussed in Section 2.7 must be solved. Cell 
decompositions (of human, or machine- 
made objects) generally are neither concise 
nor easy to create. Valid cell decomposi- 
tions of curved solids are hard to construct 
by humans, and algorithms for constructing 
them from others are a topic of current 
research [ARNO79]. 

Cell-decomposition representations pro- 
vide convenient means for computing cer- 
tain topological properties of objects. There 
are known algorithms, for example, to de- 
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FmUR~ 6. A 12813 tree and the solids represented by 
its subtrees (solids are shown in orthographm pro- 
jeetmn). 

termine whether a solid is "one-piece" (i.e., 
connected), and whether it has "voids" or 
"holes" [REQu77b, AGos76]. 

Cell decompositions, spatial arrays (Sec- 
tion 2.3), and certain restricted forms of 
CSG (Section 2.5) represent solids as un- 
ions of components whose interiors are 
pairwise disjoint. Disjointness may be ex- 
ploited in useful ways. For example: 

(1) An object is null if and only if all of its 
components are empty. 

(2) Various integral properties of solids-- 
volume and moments of inertia, for ex- 
a m p l e - m a y  be computed as sums of 
the separately evaluated components' 
contributions [COHE79, L~.E80]. 

Finally, it is important to remark that 
cell decompositions are the representations 
used in 3-D {solid) finite element methods 
for the numerical solution of differential 
equations. 

2.5 Constructive Solid Geometry 

Constructive solid geometry (CSG) con- 
notes a family of schemes for representing 
rigid solids as Boolean constructions or 
combinations of solid components via the 
regularized set operators defined in the Ap- 
pendix [REQu77c]. CSG and boundary rep- 

resentations (described in Section 2.7) are 
the best understood and currently most 
important representation schemes for 
solids, and therefore are treated in this sur- 
vey more thoroughly than the other 
schemes. 

2.5.1 CSG Trees 

CSG representations are (ordered) binary 
trees. Nonterminal nodes represent opera- 
tors, which may be either rigid motions or 
regularized union, intersection, or differ- 
ence; terminal nodes are either primitive 
leaves which represent subsets of E 8, or 
transformation leaves which contain the 
defining arguments of rigid motions. 7 CSG 
trees may be defined by the following 

(CSG tree) ::= (primitive leaf) l(CSG tree) 
(set-operator node) ( CSG tree) 
I ( CSG tree) (motion node) 
(motion arguments). 

The semantics of CSG-tree representa- 
tions is clear (see Figure 6): Each subtree 
that is not a transformation leaf represents 
a set resulting from applying the indicated 
motional/combinational operators to the 
sets represented by the primitive leaves. 

We consider only CSG schemes whose 
primitives either are r-sets or fail to be r- 
sets only because they are unbounded. 
Schemes whose primitives are bounded 
(i.e., are r-sets) are called "CSG based on 
bounded primitives," or simply "CSG" 
when no confusion is likely to arise, while 
schemes possessing unbounded primitives 
are called "CSG based on general half- 
spaces." (The distinction is important, as 
we see below.) 

2.5.2 Properties of CSG Schemes 

CSG schemes are unambiguous but not 
unique. The domain of a CSG scheme de- 
pends on the half-spaces which underlie its 
set of primitive solids (loosely, on the avail- 
able surfaces), and on the available mo- 
tional and combinational operators. Thus 
the two schemes whose primitives are de- 

7 In many CSG schemes subtrees may be shared, and 
therefore the representations are graphs rather than 
trees. Data sharing is unimportant for the purposes of 
this paper and wdl be ignored 
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(a) 

(b) 

FmURE 7. Two CSG schemes having different pnm-  
i twes but the same domain 

picted in Figures 7a and 7b have the same 
domain if both schemes have general mo- 
tional and combinational operators. 

When the primitive solids of a CSG 
scheme are bounded and hence are r-sets, 
the algebraic properties of r-sets guarantee 
that any CSG tree is a valid representation 
of an r-set if the primitive leaves are valid. 
{This would not be true if CSG trees were 
allowed to contain the regularized comple- 
ment because it destroys boundedness.} Be- 
cause primitive leaf validity usually may be 
assessed easily, the validity of CSG based 
on bounded primitives may be ensured es- 
sentially at the syntactical level. That  is, in 
a CSG language (e.g., PADL [VOEL78]) 
every syntactically correct object descrip- 
tion with correctly instanced primitives 
represents unambiguously some solid. CSG 
trees with uninstantiated parameters can 
be used to represent generic objects (also 
called procedure-, macro-, or parametric- 
objects, or object schemata). The validity 
of such generic-object representations also 
may be ensured easily. 

CSG trees in schemes based on un- 
bounded primitives may represent un- 
bounded sets and therefore be invalid. 
Boundedness of a composition generally is 
difficult to verify. The only viable approach 
known to us involves re-representing the 
set via its boundary and testing for face 
boundedness. This is computationally ex- 
pensive and the algorithms required are 
nontrivial. 

It is important to realize that the "guar- 

anteed validity" of CSG schemes based on 
solid primitives applies only to schemes in 
which the combinational operators are gen- 
eral regularized set operators which may 
be applied to any objects in the domain of 
the representation scheme. CSG-like 
schemes in which the operators are not 
general have validity properties akin to 
those of cell decompositions (Section 2.4}. 

CSG schemes whose primitives are well 
matched to the domain of objects to be 
represented are very concise. Schemes 
based on bounded primitives usually are 
more concise than those based on general 
half-spaces because the latter usually re- 
quire that more (and lower level) primitives 
be used. For example, the object repre- 
sented via three primitive "blocks" in Fig- 
ure 6 would require at least nine instances 
of a planar half-space primitive. 

The limited experience accrued with ex- 
perimental CSG-based systems indicates 
that humans can easily create CSG repre- 
sentations of certain classes of objects, such 
as unsculptured (functional) mechanical 
parts. 

CSG representations are not efficient 
sources of geometric data for producing line 
drawings of objects, and certain types of 
graphic interactions (e.g., "pick an edge"} 
are difficult to support directly from CSG 
representations. However, simple and ex- 
tensible algorithms are known for other 
interactions (e.g., "pick a face"), for gener- 
ating shaded displays, and for computing 
integral properties (e.g., volume) of objects 
[GoLDTI, GOLD79, LEES0]. Some of these 
algorithms are slow in sequential machines 
but  are simple and inherently parallel, and 
therefore are promising candidates for 
hardware implementation through VLSI. It 
appears that CSG representations will be of 
considerable importance for manufacturing 
automation, such as in the study of rough 
machining operations. 

2.5.3 Restricted Forms of CSG 

A variety of restricted forms of CSG have 
been devised. Spatial arrays (Section 2.3), 
cell decompositions (Section 2.4), and cer- 
tain schemes used in architecture [MITC78] 
may be viewed as particular cases of CSG 
possessing a single "glue" operator. ("Glue" 
is a restricted form of union that applies 
only to sets with disjoint interiors.) 
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FIGURE 8. A set that cannot be represented easily in 
CSG without a general union operator 

CSG schemes possessing a single but gen- 
eral union operator and a single primitive 
have been used in computer graphics and 
computer vision [HERB78, BADL79]. 
Schemes possessing a single associative op- 
erator do not need to represent the operator 
explicitly, and may collapse the CSG trees 
into lists or sets of primitive leaves. 

CSG-like schemes whose operators are 
not applicable to all pairs of objects in the 
domain (e.g., a glue rather than a general 
union operator) have been used more ex- 
tensively than CSG proper. In practice, re- 
strictions are placed on operators to facili- 
tate boundary evaluationwthe computa- 
tion of the objects' boundaries. However 
such restrictions have the following un- 
pleasant consequences. 

(1) User inconvenience: The object shown 
in Figure 8 is the union of two cylinders 
but is difficult to represent in a scheme 
possessing only glue and intersection 
operators. 

(2) Lack of closure: The results of applying 
operators to representable objects gen- 
erally may not be used as inputs for 
further operations [TiLo80b ]. 

(3) Difficulty of ensuring validity: Testing 
the validity of representations involves 
procedures whose complexity is com- 
parable to those of general boundary 
evaluation procedures. 

(4) Inadequacy for certain applications: 
For example, the analysis of spatial in- 
terferences requires a general intersec- 
tion operator. 

2.6 Sweep Representations 

The basic notion embodied in sweeping 

x y 

FIGURE 9. Translational sweeping. 

schemes is very simple: A set moving 
through space may sweep a "volume" (a 
solid) that may be represented by the 
"moving object" plus the "trajectory." 
Readers are warned, however, that sweep- 
ing is the least understood, in a theoretical 
sense, of all the schemes discussed in this 
paper. (For example, general validity con- 
ditions for sweep representations are un- 
known.) 

2.6. 1 Translabonal and Rotational Sweeptng 

Consider a 2-D set A lying in a plane and a 
line segment B perpendicular to the plane 
of A and having an endpoint on the plane. 
Let S be the solid swept by A when it is 
translated, parallel to its plane, along the 
trajectory B (see Figure 9). s Obviously S 
may be represented by representing A and 
B. Because the representation of B is triv- 
ial, the problem of representing a 3-D solid 
S is reduced to that of representing a 2-D 
set A. 

The scheme just described is called 
translational sweeping. Rotational sweep- 
ing schemes (Figure 10) may be defined in 
an analogous manner. The properties of 
translational and rotational sweeping 
schemes are determined largely by the spe- 
cific schemes used to represent 2-D sets. 
Most schemes described to date represent 
2-D sets via their bounding edges, which 

8 Mathematmally S is the Cartesian product A × B. 
General sweeping schemes may be designed by select- 
ing suitable mappings of set products into E3; that is, 
a set S may be represented by a pair of sets (A, B) 
such that  S -- f ( A  × B), where f is a mapping f : A 
× B---~ E 3. 
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FIGURE 10. Rotational sweeping. 

leads to convenient interfaces for tradition- 
ally trained draftsmen. 

Translational and rotational sweeping 
schemes are unambiguous but not unique, 
and their domains are limited to objects 
with translational or rotational symmetry. 
Thus rotational sweeping is used by many 
GMSs that deal exclusively with turned 
(lathe) parts, and translational sweeping is 
used in systems for describing flat sheet 
metal parts. Both types of sweeping are 
used as a means of entering object (or sub- 
object) descriptions in GMSs based on 
boundary representations. 

2 6.2 Volumes Swept by Motions of a Sofid 

Sweep representations provide natural 
means for describing the solid volume 
swept by a rigid solid moving through 
space. Such swept volumes are important 
in the context of manufacturing automa- 
tion, as the following examples indicate. 

(1) Material removal: The effect of a ma- 
chining operation is to remove from a 
workpiece the solid volume swept by 
the cutter when it moves along a spec- 
ified trajectory [VoEL74a, VOEL77]. 

(2) Dynamic interference: A solid S1 mov- 
ing through space collides with another 
solid $2 if the volume swept by S1 inter- 
sects $2 [BoYs79a]. 

The completeness of solid sweeping 
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FIGURE 11. General sweeping may produce nonre- 
gular sets. 

schemes implies that a cutter trajectory 
specified by a part program written in a 
language such as APT [IITR67], together 
with "a representation of the cutter or its 
"envelope" and a representation of the ini- 
tial workpiece, is an unambiguous represen- 
tation of the workpiece which results from 
a specified machining operation. Such a 
representation might be termed "opera- 
tional" or "procedural" since it defmes a 
solid by describing a method for its manu- 
facture. A major disadvantage of such a 
representation is the lack of known algo- 
rithms for computing properties of repre- 
sented solids. 

2.6.3 General Sweeping 

Very little is known about general sweep 
representations. Figure 11 shows that 
sweeping a curve along another curve may 
produce a set which is not homogeneously 
2-D. (Note the dangling edge in Figure l lb;  
analogous examples may be constructed in 
3-D.) Mathematical conditions for ensuring 
that the resulting set is an r-set are un- 
known. 

The examples of sweeping discussed in 
Sections 2.6.1 and 2.6.2 and the example 
depicted in Figure 11 amount to moving a 
rigid object (not necessarily a solid) 
through space. General sweeping may also 
involve the motion of a nonrigid object 
which undergoes deformations as it travels 
through space, as in the proposals by Bin- 
ford and others for modeling systems based 
on so-called generalized cylinders or gen- 
eralized cones [AGIN76, BROO79]. General- 
ized cylinders appear to be quite useful for 
describing objects such as airplanes, ani- 
mals, and dolls which may be decomposed 
naturally into a few tubelike components. 

General sweep representations also are 
used extensively in a recent proposal for an 
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ANSI standard representation of solid ob- 
jects [ANSI78]. 

2.7 Boundary Representations 

Boundary representations of solids are fa- 
miliar to most computer scientists because 
of their use in computer graphics. A solid is 
represented by segmenting its boundary 
into a finite number of bounded subsets 
usually called "faces" or "patches," and rep- 
resenting each face by (for example) its 
bounding edges and vertices. 

Figure 12 provides an example of a 
boundary representation for a rectangular 
pyramid. The representation is a directed 
graph containing object, face, edge, and 
vertex nodes. The scheme illustrated in the 
figure is based on boundary triangulation, 
that is, the segmentation of an object's 
boundary into nonoverlapping triangles. It 
is clear that any rectilinear polyhedron may 
be represented in such a scheme. (Bound- 
ary triangulation schemes are used exten- 
sively in finite element analysis.) 

The remainder of this section discusses 
issues that arise in the design of boundary 
representation schemes, and the properties 
of such schemes. 

2.7. 1 Design Issues 

Most people have the same intuitive notion 
of"face" for rectilinear polyhedra. Observe, 
however, that the faces in the representa- 
tion of Figure 12 do not agree with the 
intuitive notion because the pyramid's rec- 
tangular bottom has been segmented into 
two triangles. Furthermore, it is not intui- 
tively clear what the faces of curved objects 
are; see Figure 13. The examples of Figures 
12 and 13 show that faces are representa- 
tional artifacts which may or may not cor- 
respond to one's intuitive notion of face; in 
any event the entity "face" must be defined 
by the designers of boundary representa- 
tion schemes. We propose certain charac- 
teristics which a reasonable definition 
should possess. 

First we assume that each boundary rep- 
resentation scheme has a finite number of 
generic primitive surfaces S,. {Here we ig- 
nore certain mathematical details that are 
discussed in REQU80.) Faces should satisfy 
the following conditions. 

(1) A face of an object is a subset of the 
object's boundary. 

(2) The union of all of the faces of an object 
equals the object's boundary. 
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FIGURE 14. A face lying in a spherical surface. 

(3) Each face is a subset of some primitive 
surface S,. 

(4) A face must have area and must not 
have dangling edges or isolated points. 
(Technically it must be a homogene- 
ously 2-D topological polyhedron.) 

In particular schemes, faces may be re- 
quired not to overlap one another, to be 
connected, or to have no holes; none of 
these requirements is essential. 

Faces must be represented unambigu- 
ously if a boundary representation scheme 
is to be unambiguous. Planar faces may be 
represented by their bounding edges, as in 
Figure 12, but nonplanar faces require that 
their "host" primitive surface also be rep- 
resented, typically by primitive instancing. 
Figure 14 shows that additional information 
may be needed to represent unambiguously 
faces which lie in certain surfaces. (To dis- 
tinguish between the shaded spherical tri- 
angle of Figure 14 and the remainder of the 
sphere, typically one orients the bounding 
edges of the face according to some conven- 
tion.) 

Specialized techniques exist for repre- 
senting the doubly curved ("sculptured") 
faces usually called "patches"; see BARN74 
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or NOWA80 for entries into the extensive 
literature on the subject. 

Face representation via edges is the 2-D 
analog of solid representation via faces, and 
therefore the entity "edge" must be defined 
mathematically and appropriate edge-rep- 
resentation schemes must be designed. 

The various extant boundary represen- 
tation schemes differ in the redundant data 
they provide to speed up specific algo- 
rithms. A simple example: Although surface 
normals are not required to define unam- 
biguously a solid's boundary, most schemes 
store with each face the direction of an 
outward normal to it because such infor- 
mation is easy to store and is useful for 
generating graphic displays. 

Other redundant information takes the 
form of adjacency relations between faces, 
edges, and vertices. Such information some- 
times is stored to avoid expensive searches 
that certain algorithms require. One of the 
most elaborate schemes containing explicit 
adjacency information is that described in 
BAUM74. The trade-off between the com- 
plexity of the algorithms which construct 
and maintain elaborate boundary represen- 
tation structures and the efficiency of al- 
gorithms which use such representations 
(e.g., to produce displays with hidden lines 
removed) is not well understood. 

In summary, a designer of a boundary 
representation scheme must address the 
following questions: 

(1) What is a face? 
(2) How are faces represented? 
(3) What is an edge? 
(4) How are edges represented? 
(5) What redundant data are maintained? 

Each question has important implications, 
but a thorough discussion of such matters 
would take us too far afield. 

2.7 2 Formal Properties 

Boundary representation schemes are po- 
tentially capable of covering domains as 
rich as those of cell-decomposition or CSG 
schemes. Indeed, given a CSG scheme with 
primitive half-spaces {H~}, it is always pos- 
sible to design a boundary representation 
scheme with the same domain by using as 
primitive surfaces the boundaries of the H,. 

Boundary representation schemes are 
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unambiguous if faces are represented un- 
ambiguously, but  generally they are not 
unique. Completeness follows from deep 
mathematical theorems which ensure that 
an r-set is defined unambiguously by its 
boundary [REQu77b]. It is worth remarking 
that general (non-r-set) subsets of E ~ are 
not defined unambiguously by their bound- 
aries. 

The validity of boundary representations 
raises interesting issues which we discuss in 
the remainder of this section. To study 
validity, one proceeds "bottom-up" by in- 
vestigating conditions for vertex nodes to 
represent points of E ~, for edge subgraphs 
(i.e., edge nodes plus their corresponding 
vertex nodes) to represent line segments, 
and so on. 

We present the validity conditions for 
the triangulation scheme illustrated in Fig- 
ure 12. (Such conditions follow directly 
from elementary algebraic topology 
[REQu77b, AGOS76].) We distinguish two 
types of conditions required for validity, 
combinatorial and metric. The following 
are the combinatorial conditions. 

(1) Each face must have precisely three 
edges. 

(2) Each edge must have precisely two ver- 
tices. 

(3) Each edge must belong to an even num- 
ber of faces. 

(4) Each vertex in a face must belong pre- 
cisely to two of the face's edges. 

Conditions 1 and 2 are obvious. Conditions 
3 and 4 ensure, respectively, that the sur- 
face "closes" and that each face's edges 
form "loops." It is not difficult to write 
efficient algorithms for testing the combi- 
natorial conditions above, or to embed such 
conditions in the procedures which con- 
struct and update the representations. The 
so-called Euler operators, which are used in 
some of the GMSs based on boundary rep- 
resentations [BAUM74, BRAI78b, EAST79], 
appear to play the role of ensuring that 
combinatorial conditions analogous to 
those above are met. (An exemplary Euler 
operator: 'SplitEdge' divides an edge into 
two by introducing a new vertex in the 
interior of the original edge.) 

Combinatorial conditions, however, do 

not suffice to ensure validity; the following 
metric conditions also must be satisfied. 

(5) Each three-tuple of vertex coordinates 
must represent a distinct point of E 8. 

(6) Edges must either be disjoint or inter- 
sect at a common vertex. 

(7) Faces must either be disjoint or inter- 
sect at a common edge or vertex. 

Conditions 6 and 7 are computationally un- 
pleasant because they require face/face 
comparisons and other expensive calcula- 
tions. 

Combinatorial structure and metric in- 
formation have been called, respectively, 
"topology" and "geometry" by other au- 
thors [BAUM74, BRAI78a, EAST77], who ad- 
vocate the separation of topology from ge- 
ometry in GMSs. Such a separation is 
sometimes convenient in that one may (for 
example) represent a translated rectilinear 
polyhedron simply by translating all of its 
vertex coordinates without altering its com- 
binatorial structure. It should be obvious, 
however, that combinatorial structure and 
metric information are not independent. 
For example, by changing the coordinates 
associated with vertex node v5 of Figure 12 
one can easily render the representation 
invalid; it suffices to force v5 to lie in the 
plane of the pyramid's base. 

Validity conditions for boundary repre- 
sentation schemes which cater for curved 
solids also may be established with the aid 
of elementary algebraic topology, although 
curvature introduces a variety of interest- 
ing and delicate issues [RE,u80]. 

Validity conditions for solid triangula- 
tions and cell decompositions are 3-D gen- 
eralizations of the validity conditions dis- 
cussed above. It is worth noting that the 
verification of finite element meshes essen- 
tially amounts to checking the validity of 
cell decompositions [PREI79]. 

2.7.3 Informal Properties 

Boundary representations are verbose, an 
order of magnitude longer than correspond- 
ing CSG representations. The sheer volume 
of required data and the delicate validity 
conditions make it difficult for humans to 
construct, without computer assistance, 
boundary representations of even moder- 
ately complex objects. Essentially all of the 

Computing Surveys, Vol 12, No. 4, December 1980 



Representations for Rigid Solids • 

TABLE 1. SUMMARY OF REPRESENTATION SCHEME PROPERTIES AND APPLICABILITY 
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known geometric modeling systems that 
rely on boundary representations attempt 
to provide such assistance, as noted in Sec- 
tion 3.1, via a user-oriented input language. 

The main virtue of boundary represen- 
tations lies in the ready availability of rep- 
resentations for faces, edges, and the rela- 
tions between them; these data are impor- 
tant for generating line drawings and 
graphic displays, for supporting graphic in- 
teraction, and for other purposes as well. 
Thus it is not surprising that boundary 
representations have been used extensively 
in computer graphics. 

We noted in Section 1.5 that object 
equality may be detected in nonunique 
schemes by testing for null symmetric dif- 
ferences. Because boundaries are repre- 
sented as unions of faces, a boundary is null 
(and hence the object is null) if and only if 
it has no faces. Therefore testing for nullity 
is trivial in boundary representation 
schemes. {However, computing the sym- 
metric difference of two objects represented 
by their boundaries is not trivial.) 

The majority of boundary schemes use 
representations closely related to cell de- 
compositions of object boundaries. There 
are known algorithms to compute topolog- 

ical properties (e.g., connectedness) of ob- 
jects from such representations [REQu77b, 
AGos76]. 

2.8 Summary of the Characteristics of 
Schemes for Representing Solids 

Table I attempts to summarize and extend 
the previous discussion of unambiguous 
representation schemes for solids. Readers 
are warned that the table involves some 
oversimplification, and that there is almost 
no definitive information on the suitability 
of the different schemes for applications; 
the table's entries on applicability are best 
viewed as the current opinions of the au- 
thor. The table should be self-explanatory 
except for the following two entries. 

(1) Null object: Given a representation of 
a solid, is the solid null, that is, the 
empty set? 

{2) Homological properties: These are the 
connectedness, number of "holes," and 
similar topological properties that can 
be inferred from the homology groups 
of an object [REQu77b, AGos76]. 

2.9 Hybrid Schemes 

Hybrid, or nonhomogeneous, representa- 
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FIGURE 15 Represen t a tmn  conversmn current  s ta te  of knowledge. 

tion schemes may be designed by combin- 
ing the approaches discussed in the preced- 
ing sections. Three examples follow. 

(1) CSG/boundary hybrid: Representa- 
tions are CSG-like trees whose leaves 
are either tuples that represent primi- 
tive solids or boundary representations 
of nonprimitive solids. 

(2) CSG/solid-sweep hybrid: Representa- 
tions are CSG-like trees whose leaves 
may be solid-sweep representations of 
nonprimitives. 

(3) CSG/general-sweep hybrid: Represen- 
tations are CSG-like trees whose leaves 
are general-sweep representations (e.g., 
generalized cylinders). 

Scheme 1 is used as the basis for the input 
language of some GMSs (see Section 3.1). 
Scheme 2 is useful for the verification of 
programs for numerically controlled ma- 
chine tools. Scheme 3 is the major repre- 
sentation scheme used in ACRONYM, 
[BRoo79], a modeling system designed for 
applications in computer vision and manip- 
ulation. 

Hybrid schemes pose a serious practical 
problem: It is difficult to design algorithms 
for computing properties of objects repre- 
sented in such schemes. For example, an 
algorithm for computing the volume of ob- 
jects represented in scheme 1 would have 
to be able to deal with pure CSG represen- 

tations, pure boundary representations, and 
combinations of the two. Usually it is pref- 
erable to homogenize hybrid representa- 
tions and to design algorithms for a single 
(pure) scheme. 

2.10 Conversion Between Representations 

The previous sections show that none of 
the extant schemes for representing solids 
have properties that are uniformly better 
than those of other schemes. The ability to 
convert representations in a scheme into 
corresponding representations in other 
schemes is therefore of great practical im- 
portance for well-engineered modeling sys- 
tems. (The homogenization of representa- 
tions in hybrid schemes is a particular case 
of representation conversion.) 

We distinguish between consistent (the- 
oretically exact) and approximate conver- 
sions. Loosely, a consistent conversion pro- 
duces a representation of the original solid, 
while an approximate conversion produces 
a representation of a solid which approxi- 
mates the original one. Consistent conver- 
sions between unambiguous representa- 
tions are lossless (theoretically invertible). 
(Formal definitions may be found in 
R E Q U 8 0 . )  

Figure 15 illustrates the current state 
of knowledge on algorithmic conversion 
between representations of solids. There 
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are two main reasons for the lack of algo- 
rithms for bidirectional exact conversion: 
(1) schemes such as spatial enumeration or 
simple (translational or rotational) sweep- 
ing generally have domains which are 
smaller than those of CSG, boundary rep- 
resentations, or cell decompositions; and 
(2) algorithms for effecting certain conver- 
sions are not known at present. 

Cell decompositions (and therefore also 
spatial enumerations) may be converted ex- 
actly into boundary representations via 
simple algorithms [AGos76] which select 
those cell faces that belong to only one cell 
in the decomposition. Algorithms for con- 
verting exactly translational and rotational 
sweeps into boundary representations also 
are simple because there is a straightfor- 
ward correspondence between the bound- 
ing edges of the 2-D "moving set" and the 
faces in a boundary representation of the 
swept solid. Exact conversion of CSG to 
boundary representations ("boundary eval- 
uation" in University of Rochester jargon) 
requires nontrivial algorithms. Boundary 
evaluation algorithms used in the PADL-1 
processor [VOEL78] are based on the notion 
of "set membership classification" dis- 
cussed in TILo80a and VOEL80. Work re- 
lated to "inverse boundary evaluation," 
that is, conversion of boundary represen- 
tations into CSG, is described in PoPP75. 

Approximate conversion into spatial enu- 
meration may be accomplished by algo- 
rithms which compute the so-called point 
membership classification function 
[TILo80a, REQu77c], that is, which deter- 
mine whether a point is in the interior, on 
the boundary, or in the outside of a solid. 
(For restricted domains of rectilinear poly- 
hedra the conversions are exact rather than 
approximate.) 

We see below that the relative paucity of 
known conversion algorithms poses signifi- 
cant constraints on the GMSs that can be 
built today. 

3. GEOMETRIC MODELING SYSTEMS 

A geometric modeling system or geometric 
modeler is a computer-based system for 
creating, editing, and accessing representa- 
tions of solid objects (see Fighre 1). Display 
generators and other processes that are in- 
timately connected with geometric repre- 

sentations sometimes are considered com- 
ponents of a GMS, but the majority of the 
processes which use geometry (e.g., to com- 
pute mass properties of objects) are appli- 
cation programs, external to a GMS. 

Representations in a GMS are created 
and modified through an input language. 
Input languages may range from simple 
interactive-graphic command languages to 
elaborate block-structured languages simi- 
lar to conventional (algorithmic) program- 
ming languages. The essential requirement 
is that they contain facilities for instancing 
primitives and for creating structures in one 
or more of the representation schemes dis- 
cussed in Section 2. 

A sequence of input-language statements 
is itself an object representation. But it is 
important to distinguish between such rep- 
resentations and a GMS's internal repre- 
sentations because it is the latter that are 
accessible to applications programs and 
therefore determine, to a large extent, the 
usefulness of the GMS. 

The remainder of this section surveys 
briefly extant GMSs and discusses the de- 
sign of advanced modelers. 

3.1 A Brief Survey of Extant Systems 

Table 2 provides a summary characteriza- 
tion of the implemented GMSs known to us 
that attempt to cover domains appropriate 
for engineering applications. The table does 
not include systems which are (1) based on 
wireframe representations, (2) based on 
spatial enumeration, or (3) devoted primar- 
ily to the representation of sculptured sur- 
faces. 

Each system is characterized by a pri- 
mary (internal) representation scheme. 
The domain of the primary scheme is de- 
fined in terms of half-spaces (loosely, sur- 
faces). (Specifically, the domain is the re- 
gularized Boolean class--see the appen- 
d ix-def ined by the half-spaces listed in the 
table.) "Other consistent representations" 
denotes representations that are main- 
tained by the system, are accessible to ap- 
plication programs, and are guaranteed to 
be consistent (Section 1.6) with the sys- 
tem's primary representations. (Ambiguous 
representations are ignored in the table.) 
Each system has input-language facilities 
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TABLE 2. GEOMETRIC MODELING SYSTEMS 

SYSTEM 
NAME OR 

ORIGINATOR 

"SHAPES" 
"TIPS" 
"GDP" 
"GMSOLID" 
"PADL-I" 
"SYNTHAVISION" 

BORKIN (US) 
"BUILD" (OLD) 
"BUILD" (NEW) 
"CADD" 
"COMPAC" 
"EUCLID" 
"EUKLIB" 
"GEOMAP" 
"GEOBED" 
"GIPSY" 
"GLIDE" 
PARENT (OSU) 
"PROREN2" 
"ROMULUS" 
YESSIOS (OSU) 
"3DFORM" 

"ACRONYM" 

T 
CSG 

I 

KEY: 

PRIMARY DOMAIN 
REP (DEFINED VIA 

SCHEME 1/2 SPACES) 

GENERAL PL & QUAD 
112 SPACES "ARBITRARY" 

PL & QUAD 
BOUNDED PL & OUAD 

PRIMITIVES PL & CYL (J_) 
PL & QUAD 

, PL 
PL & CYL 
PL & CYL 

PL, QUAD, SS 
PL & QUAD 

PL 
I Pk 

D-REPS PL 
PL 

PL & UUAD 
PL 
PL 

PL & QUAD 
i PL & CYL 
' PL 

PL 

HYBRID PL & OUAD 
ESG/SWEEP 

PL = PLANE 
CYL = CYLINDER 
QUAB = QUADRIC 
SS = SCULPTURED 

SURFACE 
-L : ORTHOGONAL 

POSITIONING 

OTHER INPUT 
CONSISTENT LANGUAGE 

REPS BASED ON 

.APPROX. ENU~. 
APPROX. B-REP 

,B=REP 
D-REP 

CSG, SWEEP" 
ESG*, SWEEP" 

CSG 
SWEEP* 

CSG, SWEEP" 
CSG 
CSG 

CELL DEC. CSG 
CSG 
CSG* 

CSG, SWEEP" 
CSG 

CSG, SWEEP* 
SWEEP" 
CSG 
CSG 

CSG" = CSG WITH 
NON-GENERAL OPS. 

SWEEP" = TRANSLATIONAL 
AND/OR ROTATIONAL 
SWEEP 

REFERENCES 

LANI73, LANI79 
OKIN73, OKIN78 
GROS76, WESLSOA-B 
BOYS78, BOYS79B 
VOEL74B,VOEL78 
GOLD7L GOLD70 

BORK78 
BRAI73, BRAI75A 
BRAI78A 

SPUR76, SPUR78 
BERN75 
ENGE73 
HOSA74, HOSA77 
BAUM74 
SCHU76 
EAST77 
PARE77 
SEIF78 

YESS78 
W0079 

BRO079 

based on its primary representation 
scheme, but some systems have additional 
input-language facilities. For example, 
many systems having a primary boundary 
representation have additional CSG-based 
input facilities which provide a means for 
creating boundary representations of the 
union and {closed) difference of other ob- 
jects. The "input language" column of the 
table lists only those input language capa- 
bilities which are not based on the system's 
primary representation. 

The table is derived from information 
available in the cited literature. It may not 
reflect the current state of some of the 
systems because many of the systems are 
in continuous evolution, and because sys- 
tems descriptions in the literature often 
ignore central issues such as the following. 

• Are CSG-like operators regularized and 
general? 

• Are representational validity and com- 
pleteness guaranteed by the system? 

• Is the input language sufficiently power- 
ful to cover the entire domain of the 

primary representation scheme (i.e., the 
regularized Boolean class defined by the 
half-spaces listed in the table)? 

Of the systems listed only four are com- 
merciaUy available: Synthavision (MAGI, 
Elmsford, N.Y.), CADD (McAuto, St. 
Louis, Mo.), Euklid (Fides, Zurich, Switz- 
erland), and Romulus (Shape Data, Cam- 
bridge, England). Only CADD seems to 
have been used extensively for production 
rather than experimental applications. 

Geometric modeling technology is poised 
for takeoff, with industrial awareness and 
acceptance growing rapidly. At a seminar 
[CART79] organized recently by an inter- 
national organization (Computer Aided 
Manufacturing-International, Inc., of Ar- 
lington, Texas) the capabilities of several 
GMSs were demonstrated by using them to 
model a "typical" mechanical part (see Fig- 
ure 16) supplied by the German firm Mes- 
serschmitt-Bolkow-Blohm (MBB). The ex- 
ercise showed clearly that several of the 
experimental GMSs can accommodate 
"real" mechanical parts and can support a 
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and section views of an industrial part. (Displays 
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range of applications. (The majority of the 
systems automatically produced drawings 
in a variety of styles and computed mass 
properties automatically.) G. Armstrong, of 
the University of Leeds, England, provided 
a dramatic example of GMS power by ex- 
hibiting a copy of the MBB part produced 
on an NC milling machine that was driven 
by instructions derived automatically from 
the part's definition in the PADL-1 lan- 
guage. 

Production-grade versions of some of the 
experimental GMSs listed in Table 2 are 
currently being designed and implemented, 

,and several second-generation modelers 
based on different system-organization 
principles should become commercially 
available in the early 1980s. In the next 
section we discuss, through an example, the 
major issues that arise in designing such 
systems. 

3.2 A Design for an Advanced Modeling 
System 

Useful geometry systems should (1) solve 
reliably {correctly) and automatically a 
well-defined set of problems, (2) be exten- 
sible with respect to geometric coverage 
and with respect to the range of applica- 
tions supported efficiently, and (3) exhibit 
a variety of other characteristics which 
range from being congenial to users to being 
transportable. The technical implications 
of (3) are not well understood in a formal 
sense; they imply good design and imple- 
mentation practices. 

The discussions in the preceding sections 
show that characteristics (1) and (2) have 
the following technical implications. Relia- 
bility requires that all representations in a 
GMS be valid and that all algorithms be 
correct. Geometric extensibility implies 

that the internal representation schemes of 
the GMS must be potentially capable of 
covering a large domain. To ensure that 
representations in a GMS have sufficient 
information to support new geometric ap- 
plications, at least one of the major repre- 
sentation schemes must be unambiguous. 
Efficient support of a variety of applications 
requires the existence of multiple represen- 
tations, which must be kept consistent. 

Figure 17 depicts a high-level architec- 
ture for a GMS which has the characteris- 
tics just discussed, and which can be built 
by stretching safely the current technology 
[BRow78]. Dashed lines in the figure indi- 
cate means to edit existing geometry, rather 
than to create new geometry. 

The rationale for the design may be ex- 
plained succinctly with the aid of Table 1 
and Figure 15. CSG is the only scheme with 
a potentially large domain and syntactically 
guaranteed validity. CSG representations 
also are concise and easy to create. These 
considerations lead to the choice of CSG as 
one of the representation schemes used in- 
ternally by the GMS, and of a CSG-based 
input language as the main facility for cre- 
ating new geometry. Reliable algorithms 
for converting CSG into boundary repre- 
sentations (but not the converse) are 
known; consistency requirements therefore 
imply that boundary representations be de- 
rived from CSG and that direct editing of 
boundary representations be prohibited. 
Approximate spatial occupancy enumera- 
tions may be computed from either CSG or 
boundary representations and used for in- 
ternal purposes, for example, to facilitate 
spatial search or the approximate calcula- 
tion of mass properties. Observe from Table 
1 that a system containing CSG, boundary 
representations, and spatial enumerations 
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FIGURE 17. High-level architecture for an advanced modeler  (dashed hnes indicate editing facllitms). 

can support a large class of applications 
efficiently. 

Some form of simple sweeping is desira- 
ble as an input medium because simple 
sweeps are congenial to human users. How- 
ever simple sweeps cannot be part of the 
core subsystem of Figure 17 because their 
domains are not sufficiently rich. The in- 
terrogation mark in Figure 17 indicates that 
the conversion from sweep to CSG repre- 
sentations requires further research. (Ob- 
serve that the conversion of sweeps into 
boundary representations does not solw 
the consistency problem.) 

Finally, Figure 17 indicates the possibil- 
ity of editing existing geometry by "talking" 
in terms of boundary entities (e.g., .by 
graphically pointing at edge projections on 
a CRT screen). Note that boundary-based 
editing commands must be translated into 
changes in CSG representations. Although 
general means for effecting such "cross-rep- 
resentational" editing are not known, there 
appears to be a range of useful editing com- 
mands that may be supported reliably. 

The architecture shown in Figure 17 is a 
significant departure from that used in the 
majority of the GMSs currently being de- 
signed and implemented, which rely on a 
single internal representation scheme (usu- 

ally a boundary representation). Single-rep- 
resentation schemes are easier to design 
and implement than multiple-representa- 
tion schemes because consistency issues 
can be ignored, but they are less flexible 
and extensible because all of the algorithms 
which archive or use geometry must be 
based on the single scheme. 

4. SUMMARY AND REMARKS 

Representations play a central role in the 
applications of computer science to the so- 
lution of problems that arise in the physical 
world. They are the sources of data for 
algorithms that answer questions (solve 
problems) about the corresponding physi- 
cal entities. Thus representations of (the 
geometrical aspects of) physical solid ob- 
jects are essential components of computer 
systems--such as GMSs--which deal with 
spatial phenomena. 

This paper focuses on the representa- 
tional issues that arise in the design and 
analysis of GMSs. The distinguishing fea- 
ture of the present treatment is the clear 
distinction between physical solids, ab- 
stract (and representation-independent) 
mathematical models of solids, and repre- 
sentations for abstract solids. The distinc- 
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tion has several advantages. Specifically, 
(1) mathematical models can be studied 
independently of computational considera- 
tions, (2) such important concepts as rep- 
resentational validity and ambiguity can be 
defined mathematically, and (3) a rich body 
of mathematical knowledge can be applied 
to the study of geometric modeling (e.g., to 
derive conditions for representational valid- 
ity). 

The representation schemes used in a 
GMS are the major determinants of the 
system's characteristics. Thus, by using 
representation-scheme concepts, we are 
able to discuss GMSs in terms that are 
more precise and concise than those used 
previously [BADL78, BAER77, BRAI75b, 
OYAK76, SHU76]. 

The point of view presented in the paper 
is constructive in that it suggests means 
(multiple representations) for achieving a 
degree of versatility and efficiency higher 
than that of extant modelers," and it also 
delineates gaps in our current knowledge 
about geometric modeling. The most prom- 
inent of these are centered on applications, 
which cover a very broad spectrum. Little 
is known in abstract terms about classes of 
applications, how applications may be de- 
fined as functions on geometric models, 
how such functions may be associated with 
algorithms that are matched to represen- 
tations, and so forth. Other knowledge gaps 
include algorithms for representation con- 
version, fundamental properties of certain 
schemes, and methodologies for assessing 
the relative merits of algorithms which 
compute the same mathematical function 
but use significantly different input repre- 
sentations. 

A final note: Elegantly designed repre- 
sentations will not ensure the success of a 
practical GMS; careful attention also must 
be paid to man-machine interaction, the 
design of archival facilities, and implemen- 
tation issues. 

9An industrially viable representational subsystem 
with the architecture proposed m Section 3 2 but 
catering also for tolerancing information [Blaow78] is 
being built as a collaborative endeavor by the Univer- 
mty of Rochester, the National Scmnce Foundatmn, 
and a group of ten industrml users and vendors of 
geometry systems [BRow79]. 

APPENDIX. MATHEMATICAL DEFINITIONS 

Let W be a set (the universe) and T a 
topology on W, that is, the collection of all 
open subsets of W. In the topological space 
(W, T) a subset X of Wis  a (closed) regular 
set if it equals the closure of its interior, 
that is, 

Xffi kiX, 

where k and i denote, respectively, closure 
and interior [KURA76]. The regularized set 
union (U*), intersection (N*), difference 
(-*), and complement (c*) of two subsets 
X and Y of W are defined as 

X U* Y ffi ki (X U Y), 

X N* Y ffi ki (X N Y), 

X - *  Y f  ki ( X -  Y), 

c*X ffi ki c X, 

where c denotes the usual complement with 
respect to W. The regular subsets of W, 
together with the regularized set operators, 
form a Boolean algebra [KURA76, REQU78] . 

A function F : E 3 --) E 1 is algebraic if 
F(x, y, z) is a polynomial in the coordinates 
x, y, z; it is analytic in a domain if it can be 
expanded in a convergent power series 
about each point of the domain. A set is 
semialgebraic if it can be expressed as a 
finite Boolean combination (via the set op- 
erators (9, f3, - ,  c) of sets of the form 

( (x, y, x) : Fi(x, y, z) <- 0}, 

where the F, are algebraic. Semianalytic 
sets are defined similarly, but  the F, are 
required to be analytic rather than alge- 
braic. The class of regular semialgebraic 
sets is closed under regularized set opera- 
tions; similar results hold for semianalytic 
sets [HIRO74]. 

Let {H,} be a collection of regular semi- 
analytic sets. The regularized Boolean 
class defined by {H,} is the class of all sets 
that may be expressed as a finite Boolean 
combination (via the regularized operators 
u*, f3*, -*)  of sets in {H,}. When all the 
sets in {H~} are bounded, and hence r-sets, 
all the sets in the regularized Boolean class 
defined by {H~} also are r-sets. 
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